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Abstract: We propose an explicit description of “duality walls” which encode at low 
energy the global symmetry enhancement expected in the UV completion of certain 
five-dimensional gauge theories. The proposal is supported by explicit localization 
computations and implies that the instanton partition function of these theories satisfies 
novel and unexpected integral equations. 
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1 Introduction 

Five-dimensional super-conformal field theories are a particularly rich subject of inves¬ 
tigation (see [1-5] for seminal work on the subject). The only constructions available for 
these theories involve brane constructions, in particular quarter-BPS webs of kve-branes 
in IIB string theory. Some of the five-dimensional SCFTs admit mass deformations to 
five-dimensional gauge theories, with the inverse gauge coupling playing the role of mass 
deformation parameter. Several protected quantities in the five-dimensional SOFT are 
computable directly from the low-energy gauge-theory description [6]. 

More precisely, the space of mass deformations of the UV SOFT is usually decom¬ 
posed into chambers, which flow in the IR to distinct-looking gauge theories, or to 
the same gauge theory but with different identifications of the parameters. With some 
abuse of language, these distinct IR theories may be thought of as being related by 
an “UV duality”, in the sense that protected calculations in these IR theories should 
match [7]. 

In such a situation, one may dehne the notion of “duality walls” between the dif¬ 
ferent IR theories [8]. These are half-BPS interfaces which we expect to arise from 
RG flows starting from Janus-like configurations, where the mass deformation param¬ 
eters vary continuously in the UV, interpolating between two chambers. Duality walls 
between different chambers should compose appropriately. 

Furthermore, if we have some BPS defect in the UV SOFT, we have in principle 
a distinct IR image of the defect in each chamber, each giving the same answer when 
inserted in protected quantities. The duality walls should intertwine, in an appropriate 
sense, between these images. 

In this paper we propose candidate duality walls for a large class of quiver gauge 
theories of unitary groups. 1 The UV completion of these gauge theories has a conjec¬ 
tural enhanced global symmetry whose Cartan generators are the instanton number 
symmetries of the low-energy gauge theory. The chambers in the space of real mass 
deformations dual to these global symmetries are Weyl chambers and the duality walls 
generate Weyl reflections relating different chambers. 

1 Duality walls of the same kind, for 5d gauge theories endowed with a six-dimensional UV comple¬ 
tion, appeared first in [9]. 
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The duality walls admit a Lagrangian description in the low energy gauge theory. 
The fusion of interfaces reproduces the expected relations for the Weyl group generators 
thanks to a beautiful collection of Seiberg dualities. This is the first non-trivial check of 
our proposal. The second set of checks involve the computation of protected quantities. 

The duality walls we propose give a direct physical interpretation to a somewhat 
unfamiliar object: elliptic Fourier transforms (See [10] and references within). These are 
invertible integral transformations whose kernel is built out of elliptic gamma functions. 
We interpret the integral kernel as the superconformal index of the four-dimensional de¬ 
grees of freedom sitting at the duality interface and the integral transform as the action 
of the duality interface on more general boundary conditions for the five-dimensional 
gauge theory. The integral identity which encodes the invertibility of the elliptic Fourier 
transform follows from the corresponding Seiberg duality relations. 

It follows directly from the localization formulae on the S 4 x S 1 and the definition of 
a duality wall that the corresponding elliptic Fourier transform acting on the instanton 
partition function of the gauge theory should give back the same partition function, 
up to the Weyl reflection of the instanton fugacity. This is a surprising, counterin¬ 
tuitive integral relation which should be satisfied by the instanton partition function. 
Amazingly, we find that this relation is indeed satisfied to any order in the instanton 
expansion we cared to check. This is a very strong test of our proposal. 

Experimentally, we find that this is the first example of an infinite series of integral 
identities, which control the duality symmetries of Wilson line operators. These rela¬ 
tions suggest how to assemble naive gauge theory Wilson line operators into objects 
which can be expected to have an ancestor in the UV SOFT which is invariant under 
the full global symmetry group. 

We also identify a few boundary conditions and interfaces in the gauge theory 
which transform covariantly under the action of the duality interface and could thus 
be good candidates for symmetric defects in the UV SOFT. We briefly look at duality 
properties of defects in codimension two and three as well. 

Finally, we attempt to give a physical explanation to another instance of elliptic 
Fourier transform which we found in the literature, which schematically appears to 
represent an interface between an Sp(N ) and an SU(N- 1-1) gauge theories. We find that 
the AC elliptic Fourier transform maps the instanton partition function of an Sp(N) 
gauge theory into the instanton partition function of an exotic version of SU(N + 1) 
gauge theory with the same number of flavors. 

After this work was completed, we received [11, 12] which have some overlap with 
the last section of this paper. 
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2 Duality walls between SU(N) gauge theories 

2.1 Pure J\f — 1 SU(N)n gauge theory 

Our first and key example of duality wall encodes the UV symmetries of a pure five¬ 
dimensional AT = 1 SU(N) gauge theory, with 5d CS coupling N. 

This gauge theory is expected to be a low-energy description of a 5d SOFT with 
SU( 2) global symmetry, deformed by a real mass associated to the Cartan generator 
of SU(2). In turn, the SOFT can be engineered by a BPS hve-brane web involving 
four semi-infinite external legs: two parallel NS5 branes, a (—1, iV) and a (—1 ,—N) 
hvebranes. The SU(2) global symmetry is associated to the two parallel NS5 branes. 
See figure 1. 


(1.0) (1.0) 



Figure 1. The fivebrane web which engineers the UV completion of pure SU(N)n gauge 
theory. The gauge theory is supported on the bundle of N parallel D5 branes. After removing 
the centre of mass, the only non-normalizable deformation is the separation m between the 
NS5 branes 

The mass deformation breaks SU(2) to a (7(1) subgroup, which is identified with 
the instanton I/(l), n global symmetry of the SU(N) gauge theory, whose current is the 
instanton number density Ji n = gijTr F A F. The (absolute value of) the real mass is 
identified with m = cjym in the IR and with the separation between the parallel NS5 
branes in the UV. 

The Weyl symmetry acts as m —» — m and the corresponding duality wall should 
relate two copies of the same gauge theory, glued at the interface in such to preserve 
the anti-diagonal combination of the U(l)i n instanton global symmetries on the two 
sides of the interface. 
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We propose the following setup: a domain wall defined by Neumann b.c. for the 
SU ( N )tv gauge theory on the two sides of the wall, together with a set of bi-fundamental 
4d chiral multiplets q living at the wall, coupled to an extra chiral multiplet b by a 4d 
superpotential 

W = bdet q . (2.1) 

See figure 2 for a schematic depiction of the duality wall. 

SU(N) ‘ SU(N) 


Figure 2. Our schematic depiction of the duality wall. We denote 5d gauge groups on the 
two sides of an interface as open circles and the bi-fundamental matter as an arrow between 
them. The extra baryonic coupling is denoted as a black dot over the arrow. 

This system is rife with potential gauge, mixed and global anomalies at the inter¬ 
face, which originate from the 4d degrees of freedom, from the boundary conditions of 
the 5d gauge fields and and from anomaly inflow from the bulk Chern-Simons couplings. 

The cubic gauge anomaly cancels out beautifully: the bi-fundamental chiral multi¬ 
plets behave as N fundamental chiral multiplets for the gauge group on the right of the 
wall, giving N units of cubic anomaly, which cancel against the anomaly inflow from 
the N units of five-dimensional Chern-Simons coupling. Similarly, we get — N units of 
cubic anomaly for the gauge group on the left of the wall, which also cancel against the 
anomaly inflow from the N units of five-dimensional Chern-Simons coupling. 

The bi-fundamental chiral multiplets also contribute to a mixed anomaly between 
the bulk gauge fields and the baryonic U (1) b symmetry which rotates the bi-fundamental 
fields with charge 1/N (normalized so that the baryon B = detg has charge 1). The 
anomaly involving the left gauge fields has the same sign and magnitude as the anomaly 
involving the right gauge fields. Both are the same as the anomaly which would be 
associated to a single fundamental boundary chiral of charge 1. 

We can make a non-anomalous U( 1)a global symmetry by combining U(1)b with 
U(l)i n from both sides of the wall. Under U( 1)a a boundary baryon operator will 
have the same charge as an instanton particle on the left side of the wall, or an anti- 
instanton particle on the right side of the wall. In particular, the proposed duality wall 
glues together U(l)i n on the two sides of the wall with opposite signs and thus has a 
chance to implement the Z 2 duality symmetry. 

We can also define a non-anomalous R-symmetry by combining the Cartan genera¬ 
tor of the bulk SU(2)r symmetry and a boundary symmetry which gives charge 0 to the 
bifundamentals, and thus charge 2 to b. The cancellation of the mixed gauge anomaly 
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proceeds as follows: the bulk gauge fields with Neumann b.c. contribute half as much 
as 4d SU ( N ) gauge fields would contribute and thus the R-symmetry assignment is the 
same as for a 4d SQCD with Nf = N. 

A neat check of this proposal is that two concatenated duality walls will annihilate 
in the IR. Far in the IR, a pair of consecutive duality walls looks like a single interface 
supporting four-dimensional SU(N) gauge fields which arise from the compactihcation 
of the five-dimensional SU(N)n gauge theory on the interval. Together with the quarks 
associated to each duality wall, that gives us a four-dimensional S(N) gauge theory 
with N flavors, deformed by a superpotential coupling 

W = bdetq+ bdetq (2.2) 

which sets to zero the two baryon operators det q and det q. 


SU(N) ‘ SU(N) ' SU(N) 


Figure 3. A schematic depiction of the composition of two duality walls. The resulting 
4d SU(N ) gauge theory has N flavors and at low energy it glues the two 5d gauge groups 
together. 

This four-dimensional theory has a well-known low-energy behaviour: it can be 
described as an effective non-linear sigma model parameterized by the mesons M = qq 
and baryons B = det q, B = det q, subject to a constraint 

det M — BB = A 2N . (2.3) 

Because of the bB + bB superpotential couplings, we can restrict ourselves to the locus 
B = B = 0, where M is an invertible matrix, which provides precisely the degrees of 
freedom required to Higgs the left and right five-dimensional theories back together, 
and thus flow in the far IR back to a trivial interface. This is the expected behaviour 
for Z 2 duality walls. 

2.1.1 Domain wall actions. 

We should be able to use the domain walls to define a Z 2 duality action on U(l) in - 
preserving half-BPS boundary conditions for the SU(N)n five-dimensional gauge the¬ 
ory. As the five-dimensional gauge theories are IR free, we can describe most boundary 
conditions in terms of their boundary degrees of freedom, which are in general some 
four-dimensional SCFTs equipped with an SU(N) and an U{l) in global symmetries 
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with specific cubic anomalies. The exceptions are boundary conditions which (par¬ 
tially) break the gauge symmetry at the boundary. 

More precisely, consider a 4d = 1 theory B with a SU(N) global symmetry 
with N units of cubic ’t Hooft anomaly, a U(l)g global symmetry with a mixed ’t 
Hooft anomaly with the SU(N) global symmetry equal to the contribution of a single 
fundamental chiral field of charge 1 and an R-symmetry with a mixed ’t Hooft anomaly 
with the SU(N) global symmetry equal to the contribution of N quarks of R-charge 0. 
Such a theory can be used to define a boundary condition for the 5d SU(N)n gauge 
theory which preserves a 17(1 )a symmetry, diagonal combination of U{l) in and U(1)q, 
and an R-symmetry. 

The action of the duality wall on this boundary condition gives a new theory B' 
built from B by adding N anti-fundamental chiral multiplets q of SU(N), gauging the 
overall SU(N) global symmetry and adding the W = bdetq superpotential. The new 
theory has the same type of mixed’t Hooft anomalies as we required for B (involving 
a new choice of 17(1)9 global symmetry). 

In case of boundary conditions which break the gauge group to some subgroup 77, 
we can apply a similar transformation, which only gauges the 77 subgroup of SU(N). 
For example, the duality wall maps Dirichlet boundary conditions, which fully break 
the gauge group at the boundary, to Neumann boundary conditions enriched by the 
set of N chiral quarks q and the b chiral held with W = b det q, and vice-versa. 2 

We can provide a more entertaining example: a self-dual boundary condition. We 
define the boundary condition by coupling the five-dimensional gauge fields to N + 1 
quarks q' and a single anti-quark q'. For future convenience, we also add N + 1 extra 
chiral multiplets M coupled by the superpotential 

q'q'M . (2.4) 

Thus the boundary condition has an extra SU(N- 1-1) xU(l) e global symmetries defined 
at the boundary. The SU(N + 1) simply rotates q' as anti-fundamentals and M as 
fundamentals. The non-anomalous R-symmetry assignments are akin to the ones for a 
4d SQCD with N + 1 flavors. 

The bulk instanton symmetry can be extended to a non-anomalous symmetry under 
which the quarks have charge 1/N and anti-quarks have charge —1/N. The remaining 
non-anomalous boundary U(l) e will act on quarks with charge 1/N, anti-quarks with 
charge —1 — 1/N and on M with charge 1. 

2 It may be possible to consider a larger set of boundary conditions, involving singular boundary 
conditions for the matter and gauge fields, akin to Nahm pole boundary conditions for maximally 
supersymmetric gauge theories [13, 14]. 
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After acting with the duality interface, we find at the boundary four-dimensional 
SU(N) gauge theory, with iV + 1 flavors given by the quarks q' and anti-quarks q and q'. 
The theory has a Seiberg dual description in the IR, involving the mesons and baryons 
coupled by a cubic superpotential. The W = b det q + q'q'M lift the q'q' mesons and the 
det q anti-baryon. The remaining qq' mesons give N + 1 new fundamental chiral at the 
boundary, the dual version of q'. The remaining anti-baryons give one anti-fundamental 
chiral, the dual version of q'. The baryons give the dual version of M. 

We should keep track of the Abelian global symmetries. The dual quarks have 
instanton charge zero and U( l) e charge 1/iV. The dual anti-quarks have instanton 
charge —1 and U( l) e charge —1 — 1/N. The dual M has instanton charge 1 and U(l) e 
charge 1. 

In order for the self-duality to be apparent, we should re-define our instanton 
symmetry to act on the quarks q' with charge l/(2iV), anti-quarks with charge 1/2 — 
1/(2 N), on M with charge —1/2. Then the action of the duality interface switches the 
sign of the instanton charges, but leave U( l) e unaffected. It is natural to conjecture 
that this boundary condition descends from an SU (2) m -invariant boundary condition 
for the UV SOFT, equipped with an extra SU(N + 1) x U(l) e global symmetry. 

We can generalize that to a duality-covariant interface In,n' between SU(N)n and 
SU(N , )n i , coupled to three sets of four-dimensional chiral fields: N + N' fundamentals 
w of SU(N), N + N' anti-fundamentals u of SU(N') and a set of bi-fundamentals v of 
SU(N') and SU(N), coupled by a cubic superpotential W = uvw. 


SU(N) 



SU(M) 


Figure 4. A schematic depiction of the duality-covariant interface In,m■ We include a 
superpotential coupling for the closed loop of three arrows. 

If we act with an SU ( N)n duality interface, we obtain a four-dimensional SU(N) 
gauge theory with N + N 1 flavors, fundamentals w and anti-fundamentals v and q. 
Applying Seiberg duality, we arrive to an SU(N') gauge theory with N+N' flavors. The 
original superpotential lifts the u fields and the vw mesons. The b det q superpotential 
maps to a similar b det g v involving the Seiberg-dual quarks which transform under the 
five-dimensional SU(N')n> gauge fields. The final result is identical as what one would 
obtain by acting with the SU(N')w duality interface. 
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Figure 5. The Seiberg duality transformation which implies the duality-covariance of In,m- 

The duality-covariant interfaces In,n' have interesting properties under composi¬ 
tion. Consider the composition of In,n' an d In',n"'- it supports a four-dimensional 
SU(N') gauge theory coupled to N + N' + N" flavors, which include the N + N' 
anti-fundamentals u, N' + N" fundamentals w ', bifundamentals v and v'. If we apply 
Seiberg duality, we find a new description of a composite interface, which is actually a 
modification of I N>N »! Indeed, we find an SU(N + N") gauge group which is coupled to 
the 5d degrees of freedom just as the flavor group of In,n", and is furthermore coupled 
toN + N' fundamentals and N' + N" anti-fundamentals with a superpotential coupling 
to (N + N') x (N 1 + N") mesons. This is consistent with the duality-covariance of the 
interface. 

The interface In,n’ clearly has an SU(N+N') global symmetry. We can also define 
an U(l) e non-anomalous global symmetry, acting with charge 1 on v, — N ^ N , on w and 
— N + N , on u. The second U(l)i n global symmetry can be taken to act with charge 1 
on w, —1 on u and charge N + N' on instantons on the two sides. 

The In,n duality-covariant interface is particularly interesting. It supports a baryon 
operator det v charged under U( l) e only. If we give it a vev, by a diagonal vev of v, we 
Higgs together the gauge fields on the two sides of the interface and the superpotential 
coupling gives a mass to u and w. We arrive to a trivial interface. Later on in section 
5 we will use In,n to study the duality properties of of ’t Hooft surface defects. 

2.2 SU(N) N _ Nf/2 SQCD with Nf < 2 N flavors 

A similar UV promotion of U(l) in to SU(2) is expected to hold for SU(N) N _ Nf / 2 5d 
gauge theories with Nf flavors, with Nf < 2N. The SOFT can be engineered by a BPS 
five-brane web involving Nf + 4 semi-infinite external legs: two parallel NS5 branes, a 
(—1, N) and a (—1, Nf — N) flvebranes, Nf D5 branes pointing to the left. The SU( 2) 
global symmetry is associated again to the two parallel NS5 branes, while the Nf D5 
branes support an U(Nf) global symmetry. The fivebrane webs and mass parameters 
are depicted in figure 6. 

As the gauge fields are IR free, we expect to be able to describe a typical half-BPS 
boundary condition for such gauge theories in terms of an SU (AQ-preserving boundary 
conditions for the five-dimensional hypermultiplets, with a weak gauging of the five¬ 
dimensional SU(N) symmetry. Of course, it is also possible to only preserve, and 
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( 1 , 0 ) 


( 1 , 0 ) 


( 1 , 0 ) 


( 1 , 0 ) 




Figure 6. The fivebrane web which engineers the UV completion of SU(N) n _ Nf / 2 SQCD. 
The gauge theory is supported on the bundle of N parallel D5 branes. After removing 
the centre of mass, the non-normalizable deformation are the separation m between the NS5 
branes and the vertical separation rrif between the semi-infinite D5 branes and the intersection 
of one of the NS5 branes and the (—1, N) fivebrane. The latter parameter is the overall mass 
parameter for the hypermultiplets. We drew the resolved fivebrane web for positive and 
negative values of the overall hypermultiplet mass. The former is closely related, but not 
identical to the gauge coupling or mass for U{l)i n . It is possible to argue that the instanton 
mass rrii actually equals m + -j-mf. The standard IR gauge theory description is valid for 
m > 0 and m + Nfrrif > 0. When m becomes negative and we flip its sign to go to a dual 
parameterization, we exchange the roles of the NS 5 branes and thus the role of m/ and the 

auxiliary parameter m'j = rrif + Alternatively, we can use ——- as a parameter, which 
remains invariant under duality 

gauge, at the boundary some smaller subgroup H of the five-dimensional gauge group. 
An extreme example would be to give Dirichlet boundary conditions to the gauge fields. 

Half-BPS boundary conditions for five-dimensional free hypermultiplets may yet 
be strongly coupled. On general grounds [15], it is always possible, up to D-terms, 
to describe such boundary conditions as deformations of simple boundary conditions 
which set a Lagrangian half of the hypermultiplet scalars (which we can denote as “Y”) 
to zero at the boundary. The remaining hypers (which we can denote as “X”) can be 
coupled to a boundary theory B by a linear superpotential coupling 

W = XO (2.5) 

involving some boundary operator O. This gives a boundary condition which we could 
denote as Bx- 

Conversely, if we are given some boundary condition Bx for free hypermultiplets, 
we can produce a four-dimensional theory B by putting the 5d hypers on a segment, 
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with boundary conditions Bx on one side and X = 0 on the other side. Up to D-terms, 
this inverts the map B —> Bx-, with O being the value of Y at the X = 0 boundary. 

In particular, a boundary condition X = 0 can be engineered by a theory B consist¬ 
ing of free chiral multiplets </> with the same quantum numbers as Y, and superpotential 
W — X(j). The trivial interface can be obtained from a Y = 0, X' = 0 boundary con¬ 
dition by a W = XY' superpotential coupling, where the primed and un-primed fields 
live on the two sides of the interface. 

With these considerations in mind, we can evaluate the ’t Hooft anomaly polyno¬ 
mial for a boundary condition Y — 0: because of the symmetry between A" = 0 and 
Y = 0, it must be exactly half of the’t Hooft anomaly polynomial for a four-dimensional 
free chiral with the same quantum numbers as X. 

Our proposal for the duality interface generalizes the interface for pure SU(N) n 
gauge theory: we set to zero at the boundary the fundamental half X of the hypermul- 
tiplets on the right of the wall and anti-fundamental Y' on the left of the wall, with a 
boundary superpotential 

W = bdetq + TrX'qY . (2.6) 

The combination of gauge anomalies from q and the boundary condition for the hyper- 
multiplet precisely matches the desired bulk Chern-Simons level N — Nf/2. We denote 
as X the fields which transform as anti-fundamentals of U(Nf). In particular, we give 
them charge —1 under the diagonal U(l)f global symmetry in U(Nf). 


SU(N) ’ SU(N) 


Nf 


Figure 7. Our schematic depiction of the duality wall for SQCD. We denote the 5d SU(Nf) 
flavor group which goes through the interface as a strip. The dashed arrows indicate which 
half of the bulk hypermultiplets survives at the wall. We include a superpotential coupling 
for the closed loop of three arrows. 

A consecutive pair of these conjectural duality walls can be analyzed just as in 
the pure gauge theory case, as the boundary conditions prevent the five-dimensional 
hypers on the interval from contributing extra light four-dimensional fields. They can 
be integrated away to give a Tr X"qqY coupling. As the meson qq is identifies with 
the identity operator in the IR, the interface flows to a trivial interface for both the 
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gauge fields and the hypermultiplets, up to D-terms. Thus the interface is a reasonable 
candidate for a duality wall. 


SU(N) * SU(N) * SU(N) 


Nf 


Figure 8. A schematic depiction of the composition of two duality wall for SQCD. The result¬ 
ing 4d SU(N) gauge theory has N flavors and at low energy it glues the two 5d gauge groups 
together. The theory includes a quartic superpotential coupling which arises from integrating 
away the hypermultiplets in the segment. In the IR, it glues together the hypermultiplets on 
the two sides of the interface 

Next, we can look carefully at the anomaly cancellation conditions. It is useful to 
express the anomaly cancellation in terms of fugacities. If we ignore for a moment the 
R-charge and say that q has fugacity A 1,/jV , X has fugacity x and X' has fugacity x', 
the superpotential imposes x = A 1 ' /A V, anomaly cancellation for the left gauge group 
sets the instanton fugacities on the right to i r = \x~ Nf / 2 and it = A _1 (x') _lV/ / 2 . 

We can re-cast the relation as a statement about one combination of bulk fugacity 
being inverted by the interface, A = i r x Nf ^ 2 and A -1 = ie(x') Nf ^ 2 : and one being not 
inverted i r x N f^ 2 ~ 2N = i(,{x') N f^ 2 ~ 2N . 

Although these relations may look unfamiliar, they can be understood in a straight¬ 
forward way in therms of the (p, q) fivebrane construction of SU(N)n-n s / 2 ■ Indeed, A 
is the fugacity which is associated to the mass parameter m and x" 1 to rrif , (V) -1 to 

m'f. 

As far as R-symmetry is concerned, the bulk R-symmetry only acts on the scalar 
fields in the hypermultiplets, with charge 1. Thus we expect that assigning R-symmetry 
0 to q and 2 to b will both satisfy anomaly cancellation and be compatible with the 
superpotential couplings. 

It is straightforward to extend to SQCD the duality-covariant boundary conditions 
and interfaces proposed for pure SU(N) gauge theory. We refer to figure 9 for the 
quiver description of the In,m interface and to figure 10 for the Seiberg-duality proof 
of duality-covariance. The composition of In,m and Im,s can again be converted to a 
modification of In,s- 
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Nf 



Figure 9. A schematic depiction of the duality-covariant interface In,m • We include a 
superpotential coupling for the closed loops of three arrows. 


SU(N) 



SU(N) 


SU(M) )---- SU(M) 


Figure 10. The Seiberg duality transformation which implies the duality-covariance of In,m- 

2.3 Duality walls for SU(N) with Nf = 2N 

The SU(N) theory with 2N flavors is rather special: in the UV, two distinct Abelian 
global symmetries are expected to be promoted to an SU( 2). Essentially, they are the 
sum and difference of the instanton and baryonic U( 1) isometries. Correspondingly, 
we will find two commuting duality walls. In the fivebrane construction, the extra 
symmetry is due to two sets of parallel fivebranes. See figure 11 

The first duality wall is defined precisely as before, i.e. set to zero at the bound¬ 
ary the fundamental half X of the hypermultiplets on the right of the wall and anti- 
fundamental Y' on the left of the wall, with a boundary superpotential 

W = b det q + Tr X'qY . (2.7) 

For the second wall, we replace q with a set of bi-fundamental fields q in the 
opposite direction, and set to zero at the boundary the anti-fundamental half Y of the 
hypermultiplets on the right of the wall and fundamental X' on the left of the wall, 
with a boundary superpotential 

W — b det q + TrXqY' . (2.8) 
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( 1 . 0 ) 


( 1 , 0 ) 



Figure 11. The fivebrane web which engineers the UV completion of SU(N)q, Nf = 2 N 
SQCD. After removing the centre of mass, the non-normalizable deformation are the separa¬ 
tion m between the NS5 branes and the separation rh between the (—1,1V) fivebranes. The 
vertical separation rrif between the semi-infinite D5 branes and the intersection of one of the 
NS5 branes and the (—1,1V) fivebrane and instanton mass rrii are related to m and m! as 
m = rrii — Nrrif, m! = rrii + Nrrif. 

SU(N) ')-»-( SU(N) SU(N) ‘ SU(N) 


2N 2N 


Figure 12. The two duality walls for SQCD Nf = 2N. We include a superpotential coupling 
for the closed loop of three arrows. 

Both walls implement Z 2 symmetries: the composition of two walls of the same type 
flows to the identity, and they reflect one of the two fugacities A = i r x N or A = i r x~ N 
while leaving the other one fixed. 

We can consider the concatenation of the two walls. That gives us a 4d SU(N) 
gauge theory coupled to q, q and the surviving half of the bulk hypermultiplet in the 
interval. If we pick one of the two possible orders of the composition, we find 

W = b det q + Tr X'qY + b det q + Tr X'qY" (2.9) 

with X' being a set of 2N fundamental chiral multiplets and q, q anti-fundamentals. 

If we concatenate the walls in the opposite order, we find 

W = b det q + Tr X"qY' + b det q + Tr XqY' (2.10) 
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with Y' being a set of 2N anti-fundamentals and q and q fundamentals of the 4d gauge 
group. 

The two possibilities are precisely related by Seiberg duality! The mesons produced 
by the duality implement the switch in the boundary conditions for the hypermultiplets, 
and the baryons are re-mixed so that the b and b couplings match as well. Thus the 
two duality walls commute, as expected. 


SU(N) * SU(N) ‘ SU(N) 



2N 



SU(N) 


SU(N) 


2N 


Figure 13. The Seiberg duality demonstrating how the two duality walls for SQCD Nf = 2 N 
commute. 


2.4 Linear quivers 

The duality walls we considered can be defined with minor changes in quiver gauge 
theories where one or more nodes satisfy a balancing condition ±k = N c — Nf/2. In 
the language of fivebranes, if the quiver is engineered by a sequence of D5 brane stacks 
stretched between NS5 branes, the balancing condition insures that either the top pair 
of semi-infinite fivebranes associated to the gauge group are parallel, or the bottom. If 
Nf = 2N c both pairs are parallel. See figure 14 for an example. 

A sequence of k balanced nodes is expected to be associated in the UV to an 
SU{k + 1) global symmetry, enhancing a certain combination of the instanton and 
bi-fundamental hypermultiplet charges for these nodes. 

We want to understand the effect of a duality wall for a node of the quiver on 
the other nodes of the quiver, and figure out how the duality walls for different nodes 
match together. 

We can define the duality wall at a balanced node as we did for a single gauge 
group, leaving the other gauge groups and other hypermultiplets continuous at the 
interface. 
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( 1 . 0 ) 



Figure 14. The fivebrane web which engineers the UV completion of a SU(N) x SU(N ) 
gauge theory with N flavors at the left node and M at the right node. The five U{ 1) 
global symmetries (two instanton symmetries and three hypermultiplet masses) are enhanced 
to U( l) 2 x SU( 2) x 577(3) because of the two sets of parallel fivebranes. The six mass 
deformations in the picture satisfy a relation: m! = m + Mmf + Nrri'j 


SU(Na-l) 


SU(Na) * SU(Na) 

'''X 

SU(Na+l) 


Figure 15. Our schematic depiction of one of the duality walls for a quiver. 

As the X' and Y fields for a given node are charged under the gauge groups 
at nearby nodes, but have different Abelian charges, in order for the corresponding 
symmetries to remain non-anomalous, we need to correct these Abelian charges by 
the instanton charge at the nearby nodes on either sides of the interface. In terms 
of instanton fugacities, that means that the instanton fugacities at the nearby nodes 
will have to jump by the sum of the fugacities of X' and Y, i.e. the fugacity A of q. 
That makes sense: the duality wall permutes two consecutive semi-infinite branes and 
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the instanton symmetries at the other nodes are associated to the relative distance of 
nearby fivebranes. If we permute two fivebranes whose distance is associated to the 
fugacity A, the distances from other fivebranes jump by plus or minus that distance 
and the fugacities jump by factors of A ±:L . 

Let’s denote the domain walls associated to nodes a with positive balancing con¬ 
dition as D+, and the ones associated to nodes a with negative balancing condition as 
D~. If Nf = 2N c at one node, both duality walls are available. 

It is easy to show that all D+ commute with all the D~. It is more interesting to 
show that each sequence of consecutive walls with the same sign satisfy the relations 
of a permutation group, i.e. D+D+ +1 D+ = D+ +i D+D+ + , and the same for D~. 

For the D+ D+ + l LV = D+ +1 D+D+ +1 relation, each side of the tentative equality 
gives rise to a four-dimensional SU(N a ) gauge theory with N a + iV 0+1 flavors. For 
example, the left hand side gives 

W = b det q + Tr X'qY + b' det q' + Tr X"q'Y' + b" det q + Tr X"'q'Y" . (2.11) 

Seiberg duality appears to neatly exchange the interfaces corresponding to the two 
sides of the permutation group relation, up to a small mismatch concerning the b' det q' 
coupling for the intermediate interface in the composition: b' appears to couple on the 
two sides to two different operators with the same fugacities. The mismatch can likely 
be explained away by the possibility of operator mixing under Seiberg duality. 

2.5 Exceptional symmetries in SU(2) theories 

The UV completion of SU( 2) gauge theories with Nf flavors is expected to have an 
enhanced E Nf+ \ global symmetry. This can be understood as a combination of the 
general UV enhancement for SU(N) gauge theories and the enhancement of U(Nf ) to 
SO(2Nf) due to the fact that the fundamental representation of SU( 2) is pseudo-real. 
Indeed, the SU( 2) enhancement involves a linear combination of U(l)i n and the diago¬ 
nal U(l) subgroup of U(Nf ) and thus it combines non-trivially with the enhancement 
of U(N f ) to SO(2N f ). 

Correspondingly, we can find continuously many versions of our basic duality wall, 
each labelled by a choice of U(Nf) subgroup in SO(2Nf ) and a splitting of the liyper- 
multiplet scalars into N “X” and N “Y” complex scalar fields. It is most useful to look 
at domain walls which preserve a common Cartan sub-algebra of the global symmetry 
group, implementing Weyl reflections in the UV. 

If we denote the bulk quarks as Q\ i = 1, • • • , 2 Nf, we can consider duality walls 
for which the X fields consist of Nf — k quarks from the i = 1, • • • , Nf range and k 
quarks from the i = Nf + !,•••, 2 Nf range. If we denote as x a the fugacities of the 
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quarks, the overall fugacity of the X fields will be defined as x Nf = riaev Xa ■ The 
domain walls invert A = ix N ^ 2 and leave ix N ^ 2 ~ 4 and the ratios x a /x a i for a, a' G X 
fixed. 

It is important to point out that not all splittings are simultaneously possible. 
There are two disconnected classes of choices of X and Y fields among the Q l , distin¬ 
guished by comparing the sign of their “orientation” dXidY 1 dX 2 dY 2 ■ ■ ■. Intuitively, 
in order to interpolate between boundary conditions in different classes we need to 
add a single chiral doublet at the boundary, which contributes one unit to the dis¬ 
crete Z 2 gauge anomaly of 57/(2). Thus either boundary conditions with even k are 
simultaneously non-anomalous, or boundary conditions with odd k are simultaneously 
non-anomalous, but not both. 

Notice that SU (2) gauge theories have no continuous theta angle, but have a dis¬ 
crete Z 2 -valued theta angle. One unit of discrete Z 2 gauge anomaly at the boundary 
can be compensated by a shift of the bulk discrete theta angle. Thus we expect the two 
classes (even k and odd k) of boundary conditions to be associated to the two different 
choices of bulk theta angle. Thus we have 2 N f~ x basic domain walls. 

In general, composing two such domain walls associated to splittings ( X , Y) and 
{X\Y') will give an interface supporting an 4d SU(2) gauge theory, with as many 
chiral quarks as the number of bulk flavors which belong to X and Y' (or equivalently 
X' and Y). The relations in the Weyl group of E Nf+ \ must correspond to Seiberg-like 
dualities in the corresponding domain wall theories. 

For reasons of space, we will only verify these for the simplest non-trivial example, 
Nf = 2. In this case we have two basic duality walls, one involving Q 1 and Q 2 , the 
other involving Q 3 and Q 4 . Both preserve the same SU(2) subgroup of the 50(4) 
global group, and mix the instanton symmetry with the other SU( 2) subgroup to an 
577(3). 

At the level of fugacities, the first wall matches i r x = (i^r 7 ) -1 and i r x~ 3 = ie(x')~ 3 , 
while the second matches i r x~ x = i^x' and i r x 3 = ii(x') 3 . 

If we concatenate the two walls, the intermediate 577(2) 4d gauge group will be 
coupled to three flavors, i.e. the six doublets q, q, Q 1 , Q 2 . In the IR, they will flow 
to a set of 15 mesons. Two of them will be lifted by b and b and eight simply flip the 
boundary condition on the left and right hypermultiplets so that we are left with Q 1 and 
Q 2 at both boundaries. The remaining ones give a set of bi-fundamental fields between 
the left and right gauge groups and a neutral singlet. The Pfaffian superpotential 
involving the 15 mesons couples the singlet to the determinant of the bifundamental 
field and couples the bi-fundamental to the boundary values of the hypermultiplet. 

The final result is again a duality wall, combined with a permutation of the Q 1 , Q 2 
quarks with the Q 3 , Q 4 quarks on one side of the wall. If we denote the two original 
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duality walls as D\ and D 2 , and the trivial duality wall permuting the two sets of 
quarks as D 3 , we find the relations 

D\D 2 = D 2 D 3 = D 3 D\ , D 2 D 1 = D 3 D 2 = D 3 D 3 (2.12) 

which agree well with the properties of the three permutations in S 3 , the Weyl group 
of 517(3). 

3 Index calculations 

In this section, we consider the superconformal index (SCI) and the hemisphere index 
of a 5d SCFT at the UV fixed point. The superconformal index is a trace over the BPS 
operators in the CFT on M D , or over the BPS states on a sphere 5 D_1 times M via the 
radial quantization [16]. In D = 5 dimensions, it is defined as [ 6 ] 

I(w a ,q;p,q) = Tr(-l) V 1 _M V a+fl q k . (3.1) 

a 

ji, j 2 and R are the Cartan generators of the 50(5) x SU(2)r bosonic algebra and p, q 
are their fugacities. F a are the Cartans of the global symmetries visible in the classical 
Lagrangian and w a are the corresponding fugacities. k is the instanton number and 
its fugacity is q. This index can also be considered as a twisted partition function on 
S 1 x 5 4 , which was computed in [ 6 , 17] using supersymmetric localization. 

The hemisphere index is the supersymmetric partition function on an half of the 
sphere D l C 5 4 times 5 1 with a specific boundary condition of the O 4 . We can also 
interpret it as an index counting the BPS states on 5 1 x K 4 with Omega deforma¬ 
tion, introduced in [18]. The deformation parameters e 12 are identified with the above 
fugacities as p = e~ €1 ,q = e~ €2 . Roughly speaking, this index is an half of the super¬ 
conformal index and thus the full sphere index (or SCI) can be reconstructed by gluing 
two hemisphere indices. We will now use these indices to test our duality proposal. 

3.1 SU(N)n theories 

Let us begin by pure SU(N)n gauge theories. The hemisphere index with Dirichlet 
b.c. is given by 

N 

II N (zi, A; p, q) = ( pq ; p, q)£ -1 Y[(pqz l /p, q) 00 Z* st (z il A; p, q) . (3.2) 

The “gauge fugacity” z t becomes here the fugacity of the boundary global symmetry. 
ZR st is the singular instanton contribution localized at the center of the hemisphere. 
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The gauge theory on the full sphere can be recovered from two hemispheres with 
Dirichlet boundary conditions by gauging the diagonal SU(N) boundary global sym¬ 
metry. So the full sphere index can be written as 

I N (\;p,q) = (II N \II N ) = /"-■ <f //"(*, A; p, q)II N (z h A; p, q) . (3.3) 

J n f ^r(z, /zj) 

The integrand includes the contribution of the 4d gauge multiplet, with I v = (p; p) 00 ( ( ?; q )oo 
being the contribution of the Cartan elements. The integration measure is simply 
The overline indicates a certain operation of “complex conjugation”, which inverts all 
gauge/flavor fugacities. 

Other boundary conditions or interfaces can be obtained from Dirichlet boundary 
conditions by adding boundary/interface degrees of freedom and gauging the appro¬ 
priate diagonal boundary global symmetries. For example, if lff M (zi, z[]p,q) is the 
superconformal index of some interface degrees of freedom for an interface between 
SU(N ) and SU(M ) gauge theories, the sphere index in the presence of the interface 
becomes 


{Ib\H N ) = (II N \I 4d 


N,M 


djJ'Zi 


| If 
dfi z 




v 


(3.4) 




N 


—dd N (zi, A; p, q)I^ d M (zi, z'; p, q)II M (z' i , A; p, q) . 


3 

Hemisphere indices, or sphere indices with an interface insertion, can be thought 
of as counting the number of boundary or interface local operators in protected repre¬ 
sentations of the superconformal group. 

Before going on, we should spend a few words on how to compute the correct 
instanton contribution Z^ st to the localization formula. The partition function is com¬ 
puted by equivariant localization on the moduli space of instantons. The instanton 
moduli spaces have singularities, whose regularization can be thought of as a choice of 
UV completion for the theory. The standard regularization for unitary gauge group is 
the resolution/deformation produced by a noncommutative background, or by turning 
on FI parameters in the ADHM quantum mechanics [19, 20]. 

In principle, the standard regularization may not be the correct one to make con¬ 
tact with the partition function of a given UV SOFT. For SCFTs associated to (p, q) 
hvebrane webs, the standard regularization is expected to be almost OK [21, 22]: the 

3 One can bring the 4d index under the conjugation. The inversion of fugacities can be understood 
as the difference in sign which appears when matching 5d and 4d fugacities for left or right boundary 
conditions 
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correct instanton partition function is conjectured to be same as the standard instanton 
partition function up to some overall correction factor, independent of gauge fugacities 
and precisely associated to the global symmetry enhancement of the UV SOFT: each 
pair of parallel (± 1 , q) semi-infinite hvebranes contributes a factor of 4 


•^extra(^i Pi Q) PE 


-v 

(1 -p)(l -?). 


(3.5) 


to the correction factor, where 77 is the fugacity for the global symmetry associated 
to the mass parameter corresponding to the separation between the parallel (± 1 , q) 
semi-infinite hvebranes. This correction factor has been extensively tested against 
the expected global symmetry enhancement of the superconformal indices, ft appears 
to account for the decoupling of the massive W-bosons living on the six-dimensional 
world-volume of the semi-infinite hvebranes. 

The standard instanton partition function computed by using equivariant localiza¬ 
tion of [18, 23] result takes the following contour integral form 




Q M (-nq;p,g) = 


k =0 


-i) 


kN 


k\ 


rC 

n^Te _KE "= 1 ^Z vec (0 / ,z i ;p,g) , (3.6) 


1=1 


where k = N is the classical CS-level. The vector multiplet factor Z vec is given in (A.5). 
ft is known that the integral should be performed by using the Jeffrey-Kirwan (JK) 
method, which is hrst introduced in [24] and later derived in [25] for 2d elliptic genus 
calculations. See [26-28] for applications to Id quantum mechanics and a detailed 
discussion of contour integrals. See also appendix A for details on instanton partition 
functions. 

The correction factor from the parallel semi-inhnite NS5-branes is 


^extra ( q i Pi 0) 


PE 


-q 

(1 -p)(i -9). 


(3.7) 


Let us leave a few comment on this correction factor. This factor can also be read oh 
from the residues R±oo at infinity 0 / = ± 00 . R±oo are associated to the noncompact 
Coulomb branch parametrized by vevs (j)j of the scalar helds in the vector multiplet. 
In fact, the above contour integral contains the contribution from the degrees of free¬ 
dom along this Coulomb branch and it is somehow encoded in the R±oo- The extra 
contribution is roughly an ‘half’ of the R±oo. The residue at the infinity is in general 
given by a sum of several rational functions of p, q. The ‘half’ here means that we take 
only an half of them such that it satisfies two requirements: when we add it to the 

4 PE[/] denotes the plethystic exponent of single-letter index /. 
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standard instanton partition function, 1) the full instanton partition function becomes 
invariant under inverting x = y n pq to x l and 2) it starts with positive powers of x in x 
expansion. The second requirement follows from the fact that the BPS states captured 
by the instanton partition function have positive charges under the SU(2) associated 
to x. This half then gives the extra contribution from the Coulomb branch and it also 
coincides with the correction factor (3.7). We will see similar correction factors in the 
other examples below. 

Since the Coulomb branch of the ADHM quantum mechanics dose not belong to 
the instanton physics of the 5d QFT, we should remove its contribution to obtain a 
genuine 5d partition function. So the correct instanton partition function of the 5d 
SCFT is expected to be 

^inst (Zi,\;p,q) = ZQM(z i ,\;p,q)/Z extm (\;p,q) , (3.8) 


with q = A in this case. 

At this point, we are ready to study the duality interface. The easiest way to do 
so is to look at the boundary condition obtained by acting with the duality interface 
on a Dirichlet boundary, i.e. the dual of Dirichlet boundary conditions. This consists 
of the duality interface degrees of freedom coupled to a single SU(N)n gauge theory, 
with the second SU(N) global symmetry left ungauged. More general configurations 
can be obtained immediately by gauging that SU(N) global symmetry. 

The 4d superconformal index of the duality interface degrees of freedom is simply 


n,A, ua 1 ^,/*') 

r(A) 


(3.9) 


where Zi and z[ are the fugacities for the gauge group on the left and right of the wall. 
The numerator factor comes from the bi-fundamental chiral multiplet q and the denom¬ 
inator is from the singlet chiral multiplet b. The anomaly-free U(l)\ symmetry, which 
is a linear combination of f/(l); n instanton symmetry and U(1)b baryonic symmetry, 
rotates the baryon operator B = detg by charge 1, so B comes with the fugacity A. 
The contribution of b is precisely the inverse of the contribution of a chiral multiplet 
with the same R-charge and fugacity as B. 

Thus the hemisphere index for dual Dirichlet boundary conditions is: 


I)II N = Iy^ 


N -1 


dz' n"=,r(A 


ri2™'r(A)nJ,r«/z') 


(3.10) 


If we have identified the correct duality interface, the hemisphere index for dual 
Dirichlet b.c. should actually coincide with the hemisphere index for Dirichlet b.c., up 
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to a reflection of f/(l); n instanton charges, i.e. an inversion of the instanton fugacity 
A —$■ A -1 . This motivates us to propose the following relation: 

DII N (zi, A; p, q ) = II N (zi, A _ 1 ;p, q) . (3.11) 


This is a highly nontrivial relation. The instanton partition function in the hemisphere 
index on the right side of the wall has a natural expansion by positive powers of the 
instanton fugacity A. On the other hand, the instanton partition function on the left 
side of the wall is expanded by the negative powers of A. This relation is a very stringent 
test of our conjectural duality wall. 

We can test this conjectural relation for small N and the first few orders in the 
power series expansion in p,q. We find that the relation holds with a particular choice of 
the integral contours. The contour should be chosen by the condition: \p\, \q\ -C A < 1 
while keeping the contour to be on a unit circle. One can then check the duality relation 
order by order in the series expansion of x = yfpq. 

For SU (2) case, one finds 


DII N=2 (X~ 1 ) = II N=2 ( A) (3.12) 

= 1 + (-A i U{2 \z) + X)x 2 + X S 2 U(2 \y){-xl U{2 \z) + A)x 3 
+ ((1 - xf ((2 >to) xf (2 T) + xl u{2 \v) A + a 2 ) n + CV). 

where y = yfpjq and Xr U ^ N \z) are the characters of dimension r representations of 
SU(N) symmetry. We have actually checked this relation up to x 7 order. 

Similarly, for S'f/(3) 3 case, one finds 


DII n=3 ( A" 1 ) = II N=3 { A) (3.13) 

= 1 + (~Xe, U,3) ( z ) + A)x 2 + X2 t,<2) (»)(-.\8 I/<S) ( x ) + A)x 3 + X3 U<2 \v)^ x ‘ 

+ (xff (3 h)+xgf«w+xf ,3, (.-)d - x! u( %) - A) + a 2 ) n + o(j), 

which is checked up to x 5 order. 

The integral equation (3.11) is actually very constraining. We found experimentally 
that as long as we postulate 


II N (z i ,\-p : q) = l + 0(x ) , (3.14) 

with positive powers of A only, we can use the integral equation order by order in x 
to systematically reconstruct the full partition function. This is also the case for the 
hemisphere index with matters which we will now discuss. 
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3.1.1 Example: SU(N)N-N f /2 theories with Nf flavors 

The generalization to theories with flavors is straightforward. We first need to specify 
boundary conditions for the bulk hypermultiplets. We will use the boundary condition 
which sets the half of the hypermultiplet Y to zero and couples the other half X to the 
duality wall. The theory has the classical Chern-Simons coupling at level k = N — 00 
that provides N — units of the cubic gauge anomaly. Given the boundary condition, 
the half of the hypermultiplet X provides additional units of the cubic anomaly so 
that the total bulk cubic anomaly becomes k + yy = N. This will be exactly canceled 
by the boundary cubic anomaly when coupled to the duality wall. 

The hemisphere index associated with this boundary condition is given by 


II N ’ Nf (Zi,w a ,q-,p,q ) 


(Pgi Pi g)£ 1 El tfjipqZi/zj'iP, g)oo z N,N f 

nii n2i(v^v^«;p,9)« mst 


(Zi,W a , 


q \p,q) 


(3.15) 


where w a are the U(Nf ) flavor fugacities. The denominator factor in the 1-loop deter¬ 
minant is the contribution from the X. The instanton partition function is the partition 
function of the ADHM quantum mechanics with additional degrees coming from the 
hypermultiplets. It is given by 


k=0 


.] \k(N+N f ) 

k\ 


N f 


11 KE ^ =10/ ^vec(07, Zi\p, q ) ' JJ Z fund (0 7 , 


1=1 


m n 


a=l 


(3.16) 


where n = N — Nf/2 and Z fund is the hypermultiplet contribution given in (A.17). This 
partition function also contains correction factors associated to the Coulomb branch in 
the ADHM quantum mechanics. As explained in the previous subsection, the correction 
factor can be read off from the residues R.±oo at infinity 0/ = ± 00 , which is given by 


z Sto? N (v> a ,q-,p,q) = PE 
^extra 27V (^a,q;P,g) = PE 


(1 -p)(i - q) 

-qn N ah^ /2 | 
(1 -p)(i - q) 


5 


n N f — 1/2 
_ ail^a 

(1 -p)(i - q) 


(3.17) 


When Nf < 2, i?+oo is trivial and the single term in the letter index comes from the 
half of R_ oo, whereas, when Nf = 2N , each half of R± ^ gives each term in the letter 
index. 

Let us couple it to the boundary theory. As explained above, we will multiply 
the contributions from the 4d vector and chiral multiplets living at the boundary, and 
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integrate the gauge fugacities. Thus the dual of Y = 0 Dirichlet boundary conditions 

is 


DII N ’ N f = Xy~ x 


N-l 


77 dz i Hi,j=l T ^ 1/Nz i/ Z j) TT NNf, / \ 

-r— - - Kf - II ’ g . 

f=i 2mz * r (A)nJ i r(^/^) u ’ 


(3.18) 


In this notation the fugacity which is inverted by the duality operation is A, defined by 
\ — 1/2 

q = A llail Wa . 

If we identified the correct duality wall, we should find 


blI N - N l(zi,m„,X\p,q) = II N ' Nf (zi,w' a) \ 1 :p,q) . 


(3.19) 


The boundary superpotential W = YqX' implies that the flavor fugacities in two sides 
of the wall should be identified as w a = A l ^ N w' a . 

Again, this relation can be checked explicitly order by order in x expansion: for 
example, we obtain 


DII 2 ’ 2 (z, A ~ 1 / 2 w a , A" 1 ) = II 2 ’ 2 (z, w a , A) 

=1 + x S 2 U{2) 0 ) (wq 1 + W^)x + x S 2 U{2) (: y)x S 2 U{2) {z) (wq 1 + w^x 2 ( 3 . 20 ) 

+ (x S 3 U{ 2 \ z )^i 2 + (wiw 2 ) _1 + W2 2 - 1) + ( W1W2Y 1 + A + (wiw 2 )~ 1 X^ x 2 + 0 (x 3 ) , 

for S 1/(2) with 2 flavors, and 


DII 3 ’\z, A” 1/3 wi, A" 1 ) = w u A) (3.21) 

= 1 + xT^^w^x + (^l U{2 \y)xl U{2 '\z i )w^ 1 - Xs l (3 \ z i) + X6 U(3 \ z i) w i 2 + a) X 2 + 0(x 3 ) , 


for SU (3) with 1 flavor. We have checked there relations up to x 5 order. 

Again, the integral equation (3.19) is powerful enough so that we can reconstruct 
the full instanton partition function with fundamental matters order by order in x 
expansion if we assume a natrual “boundary condition” as 


II NlN f(zi,w a ,q;p,q) = l + 0(x) . 


(3.22) 


4 Wilson loops 

In this section we will use our duality walls in order to investigate the duality properties 
of line defects in the corresponding five-dimensional gauge theories. A BPS line defect 
intersecting (or ending on) a BPS boundary condition preserves the same supersym¬ 
metry as a chiral operator in a 4d gauge theory. 
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A line defect which crosses our UV BPS Janus configuration will flow in the IR to a 
a pair of line defects in the two IR gauge theories on the two sides of the wall, meeting 
at a chiral local operator at the interface. As the R-charge and global symmetries 
appear to be preserved under the RG flow, that local operator should have zero global 
and R-charges. If the UV line defect preserves the enhanced UV global symmetry, then 
the IR line defects on the two sides of the wall will be identical. 

The natural BPS line defects in gauge theory are Wilson loop operators. A funda¬ 
mental Wilson line can end on the duality wall on a q local operator and then continue 
as a fundamental Wilson line on the other side of the wall. The intersection, though, 
would have R-charge 0 but charge 1/N under the global symmetry U(l)\ inverted by 
the wall. There is an obvious way to ameliorate the problem: combine the gauge Wilson 
loop with a flavor Wilson loop for the U(l)\ symmetry, with flavor charge —1/(2 N). 
This completely cancels the global charges of q. 

At first sight, a dressing charge of —1/(2 N) may seem off-putting. It becomes 
natural though, if we imagine the Wilson loop to be the trajectory of a massive BPS 
particle in a theory with an extra massive flavor: we have seen in earlier sections 
that a duality-covariant charge assignment attributes U(1)a charge —1/(2 N) to the 
hypermultiplets. 

It is also natural if we look at which BPS local operators may live at the end of 
the line defect. If the line defect has a S't/(2) A -invariant UV completion, we expect 
the BPS local operators to fill up SU(2)\ representations. A bare fundamental Wilson 
loop can end on a hypermultiplet scalar in the anti-fundamental representation, but 
the resulting local operator has an inappropriate U(1)a charge 1/(2 N). If we dress the 
Wilson loop with the U(1)a flavor Wilson loop, the hypermultiplet scalar at the end of 
the line defect becomes neutral under U(l)\. 

If the theory has flavor, it is also possible to replace the U(1)a flavor Wilson loop 
with an anti-fundamental U(Nf ) flavor Wilson loop. This is a better option for Nf = 
2 N, as the resulting loop has the correct properties to be invariant under both UV 
SU( 2) global symmetries. 

Next, we will test the hypothesis that the fundamental Wilson loop admits an 
S'U(2)A-invariant UV completion with the help of the index. 

4.1 Hemispheres with Wilson loop insertions 

We consider hemisphere indices with a Wilson loop insertion at the North pole. The 
BSP Wilson loops are inserted at the center of the hemisphere and wrap the S 1 circle. 
These enriched hemisphere indices count local operators sitting at the intersection of 
the Wilson loop and a BPS boundary. Similar statements apply for sphere partition 
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functions, with or without the insertion of an interface, with Wilson loop insertions at 
the North pole, South pole or both. 

The main challenge in this calculation is to find the instanton partition function in 
the presence of a Wilson loop. Abstractly, a Wilson loop measures the gauge bundle 
at the origin and should be represented in the localization integral by the equivariant 
Chern character in the corresponding representation of the universal principal bundle 
over the instanton moduli space. Of course, as the instanton moduli space is singular, 
we face the usual regularization problem, with extra complications: even after we pick 
a regularization of the moduli space, we need to pick a regularization of the universal 
bundle over it. 

A canonical answer is well-known for fundamental Wilson loop insertions. It can 
be interpreted in terms of a modification of the ADHM construction, which adds extra 
fermionic matters which build the universal bundle in the fundamental representation 
(and antisymmetric powers of the fundamental representation as well) [29]. 

As general representations can be obtained as tensor powers of the fundamental 
representation, one can produce candidate equivariant Chern characters for these rep¬ 
resentations from the equivariant Chern character in the fundamental representation 
[30]. The equivariant Chern character of the universal bundle in the fundamental rep¬ 
resentation is given in (A. 13). A list of equivariant Chern characters for the symmetric 
and antisymmetric, and adjoint representations are given in (A. 15). One can compute 
those for other representations using the same method. 

Given the Wilson loop and its equivariant Chern character, the equivariant local¬ 
ization states that the instanton partition function becomes 

°°' 1 f 

WQM,fl(-,q;PW) = z i-ioop(z]p } q)^q k —— j) [dp] Ch R (z, p; p, q) ■ Z k (z,p;p,q ) , 

k =0 I k ' J 

(4.1) 

where CHr is the equivariant Chern character of the universal bundle in representation 
R. Z 1 _ loop is the 1-loop determinant and Z k is the fc-instanton contribution without 
the Wilson loop. The contour integral needs to be evaluated using the JK-residue 
prescription. 

This answer may differ from the “correct” answer for a given UV completion of 
the theory both by the usual overall correction factor (3.7) (or (3.17)) and by extra 
corrections specific to the Wilson loop at hand. In the following, we shall propose an 
integral relation satisfied by the hemisphere partition function with a properly defined 
Wilson loop insertion. This relation appears to uniquely fix the Wilson loop partition 
functions, order by order in x expansion. 

We claim that the hemisphere partition function with a properly defined Wilson 
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loop ill representation R in S'C/(1V) Ar-jVf /2 gauge theory with Nf fundamental liyper- 
multiplets satishes the integral relation 


Dw£- Nf (z„Wc, A) = . 


(4.2) 


The duality wall action D is the same as defined in (3.10) and the flavor fugacities are 
also identified as w a = A l/V ?n(. Here k(R) is a positive integer number associated with 
the rank of the representation R. For example, the rank n symmetric or anti-symmetric 
tensor representations have k(R) = n. 

Therefore, duality wall maps the hemisphere index with a Wilson loop to itself 
dressed by a prefactor \ k(R >/ N 1 while inverting the instanton fugacity A —y A -1 . We will 
test this proposal with several examples momentarily. 

We believe that this integral relation, combined with a 

W^' Nf (zi,w a , A) = X S R (N \zi) + 0(x) (4.3) 


“boundary condition” fixes uniquely the Wilson loop index for all R. 


4.2 Example: SU( 2) theories 


Let us first consider the fundamental Wilson loop in the SU( 2) gauge theory. Practi¬ 
cally, we will instead compute the partition function of I/(2) 2 gauge theory and, after 
stripping off correction factors, we will regard it as the partition function of SU( 2) 
gauge theory. For I/(2) 2 theory, the hemisphere index from the formula (4.1) is given 
by 


Wqm,L+ i( Q ’ A) 

Z\— loop(®; ^) 


(4.4) 



{ A /a+]/ N /a-(l-p)(l-g)Va} 8 £D nSi(^a ~ VMa)/V^ 

(1 -p)(l - q)( 1 - a)(l — pqa) 


T (a —^ 1 /cz) 


+ 0(A 2 ) , 


where L + l denotes the SU(2) representation of dimension L + l and {Ch}y- stands for 
the tensor product of a character Ch with product rule specified by a Young tableau 
Y. Here Y = CgTQ i.e. L-th symmetric product of a single box. 

This index contains the usual correction factor in (3.17). We shall define a 

new Wilson loop index by removing the correction factor as 

(a, w, A) = WJY+1 A )/Z«t-.K A) . (4.5) 


In all cases with Nf = 0,L < 7 and Nf = 1,L < 5, and Nf = 2,L < 4, we have 
confirmed that the Wilson loop index satisfies 

A) = \ L ' 2 W 2 L % (a, w. A' 1 ) . (4.6) 
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This relation has been checked for all cases at least up to x 4 order. It implies that the 
SU(2) Wilson loops receive no additional corrections other than the usual correction 
factor (3.7). 


4.3 Example: SU(3) theories 

Next, consider the pure SU( 3) 3 theory with a Wilson loop in a representation labeled 
by a Young tableau Y. The Wilson loop index from the formula (4.1) is 


A) 

•^1—loop (^i) 


xf (3) u 


{zi) ~ A 


{{p + q - pq)zi + z 2 + z 3 )} 


Y 


(1 -p)( 1 - g)(l - zi/z 2 )(l ~ zi/z 3 )(l -pqz 1 /z 2 ){l ~ pqzi/z 3 ) 


+ (zi, z 2 , z 3 permutations) 


+ 0( A 2 


(4.7) 


Let us again define a new Wilson loop index (divided by the usual correction fac¬ 
tor (3.7)): 

Wy(zj, A) = Wq M>y (zu A )/Z extra (zi, A) . (4.8) 

For the rank L symmetric representation denoted by Y = <g) L Q we find the relation 

DW* LD ( Zi , A; p, q) = X L / 3 W^Zi, A" 1 ; p, q) , (4.9) 

till L < 3. This was confirmed at least up to x 3 order. Similarly, the Wilson loop index 
in the antisymmetric representation satisfies 


DWrjfa, A; p, q) = A 2 ^ 3 Wp](zj, A 


-l 


□ 


B' 




(4.10) 


which has been checked up to x 3 order. So for these representations, there would be 
no additional correction factors to the Wilson loop index. 

As the last example, we consider the Wilson loop in the adjoint representation. We 
find that the index of this Wilson loop has an extra correction factor apart from the 
usual one (3.7) and it obeys 


DWm( z ii A; p, q) — AW rn (zj, A ]p,q) 


cr 


cr 


(4.11) 


if we define 


A; Pi q) 


W^p(Zi,\]p,q) 


A 

2 


H 3 (zi, A;p, q) , 


(4.12) 


where II 3 is the bare hemisphere index. This relation has been confirmed up to x 4 
order. The term proportional to the bare hemisphere index is the extra correction term 
which is not captured by the standard instanton partition function. We claim that the 
‘correct’ Wilson loop index is given by (4.12) satisfying our duality relation. 






5 Duality and ’t Hooft surfaces 


We can consider variant of the Higgsing procedure on In,n, which give a position- 
dependent vev to v in order to produce a codimension two defect in the trivial interface, 
which is a surface defect in the 5d gauge theory. This is done by coupling the theory 
to a vortex configuration for U(l) e [31, 32], 


5.1 Higgsing I N , N 

It is useful to look at the index of the gauge theory in the presence of an I^,n domain 
wall as the expectation value of a certain operator between wavefunctions associated to 
the two hemispheres, as it is customarily done for S* partition functions in one lower 
dimension 


{I l \I\Ir) = ® dn Zi dn^I L (zi) 


Yl l .j T (V^/Zj) n/,a r (vW^ 2 Wwa) r (yW^ ^Wg/Zi) 

u^n^/z^m/zj) 

(5.1) 

The standard Higgsing operation, associated to a constant vev for the bi-fundamental 
chiral multiplets, corresponds to looking for a pole at r) — 1, arising from the collision 
of Zi = r/Zi poles. Everything cancels out and we are left with 

1 


Ifl(Zi) 


d^z, IL 


Ylj,k r ( z i/ z k 




(5.2) 


i.e. the interface is gone. 

Next, we can look for poles at rj = p c for some power c, associated to a position- 
dependent vev for the bi-fundamental chiral multiplets with a zero of order c. These 
poles must arise from the collision of poles at z t = r)Zip ni , which means that Nc = 
— = ~ n - The contributions from v and from the SU(N') vectormultiplets give 

T(z i /z j p~ ni ) 


n 

*7 


r(zi/zjp n ’- 


(5.3) 


which give theta functions involving the gauge fugacities. 

The products Eli a T(\/i 0( ?/ r A w z i/ w a)^'{y/pqr]^~ m P ni ' w a/zi) give another set of 
theta functions. Thus we end up with a classic form for the action of a ’t Hooft 
surface operator 

E ”'“" r (zi/zjp--) 


(h\O n \I R ) — 


yi n 


ij 


1 T(z i /z j p n r 


dp Zi 

Ilyfe T(^j/ z k) 

TT V (Vm^~^P n '~ n,{2N) Wa/Zj, J ^ n/N _ n 
IT T(^/pqq\-^Np- n l( 2N )w a /zi) 




(5.4) 
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As we obtained the operator as a half-BPS defect inside a half-BPS domain wall, 
this is actually a quarter-BPS object in the 5d gauge theory. The theta functions 
depending on the w a fugacities can be interpreted as contributions from 2N extra 2d 
(0, 2) Fermi multiplets added onto the bare ’t Hooft surface in order to cancel a 2d 
gauge anomaly. In an half-BPS ’t Hooft surface we would need to add whole (0,4) 
Fermi multiplets. We should be able to restrict the w a fugacities in such a way to 
reproduce the contribution of N (0,4) Fermi multiplets, but it does not seem urgent 
to do so. 

We can write down at first the n = 1 defect. We can use the relation 


r (P-) = 


1 — p l qi +1 z 1 
1 — p i+1 qiz 


(qz 1 ;g)oo(^;g)oo 


1 — p l+ 1 q^ +1 z 1 
1 — p { qiz 


*>o,i>o ^ '- 1 " i>o,j>o 

and denote as A, a shift operator z —>■ pz and 


A* — A Zi A Zk 


-l/N 


= 0(z; q)T(z) 

(5.5) 

(5.6) 


k^i 


to specialize 

J2 n j= n 

On[w a \ = X) n 


T(zi/zjp 


— 


TT T(v^gA 2 Np"i n/^Wa/Zi) An/N _ nj ^ 
11 w 1 „_ n /r 2 m... 11 ^ 


r (Zi/Zjp n i ni ) ^ T{y/pqrj\ p- n l^ N ) Wa j Zi ) 


to 


oi[w a ]= Yi n q(~1/ z a n 9 (vm(p^) ™w a /zi) A i 1 


i k^i 


(5.8) 


It is also useful to write the adjoint expressions 


o n = l[t 


rii—n/N 


TT r {Zj/ZjP nj ) T-r 
n .>o 1 ni Zi/zj) , a Y{y/pqrj\~^Np n ^ 2N )- n iw a /zi) 


r(i/p^^ 2Np n /( 2N )w a /zi ) 


and 


Oi[w a ] = 




]^ 6 »( v / pgA 2 1 n p 1 /( 2N ) l w a /zi) . 


(5.9) 


(5.10) 


Although we know that Oi[w a ] must commute with the duality wall, as it is ob¬ 
tained from Higgsing a duality-invariant interface, the check of this fact takes the form 
of a rather intricate-looking theta function identity. Let us denote the action of a 
duality wall on a boundary theory as 


FFr(A llN zJ~Zi) 

D\I r ) = (b dfjLs *,*' — w , \ I R (zi, A^ A" 1 ) . 
f T A n ¥ ,r 5./S, m 


(5.11) 
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We know that D and / commute: if we compose the interfaces 
Y[ l , j T(\ 1/N z i /z j ) 

; T(A)n^-r(V%) fJ 


DI — d) dn~ Zi 


-Ilnvz'/m F(\/pqJrj\ ™Zi/w a )T(^/pq/ri\™Wa/z'i) 

(5.12) 


z, a 


and apply Seiberg duality, we get 

ILj r(A 




rwn w r(V%) 




XJ X,a T (Vm^ 2 N Wa/Zi) 

If we compare the residues of these expressions at 77 = p -1 / n , we find a theta 
function identity 

1 -r-r 1 


eit 


. _ 9(A hi »«/%) a 

E IT yyyy; II II 


II n^VM(pA) 2 ^ ^w a / 


Zi = 


i k^i 


ewv-Wh) 


(5.14) 


which would be challenging to prove directly. 

This suggests that Seiberg duality may be a useful trick to derive other properties 
of the’t Hooft surfaces. 

In particular, consider the composition of two interfaces In,n- 

T-r d ^(~ T Yl^ivzi/Zj) JJ r(y/pq/r}\™zi/w a )r(y/pq/r}\-™w a /zi) 

1 [ /j 1 \ z i/ z j) .. 


I[w a ,r)\I[w a ,fj] = 

J lit# 1 

nnv^m T(a/ pq/r] A ™Zi/w a )T ( \Jpq/r]X ™w a /z[) . 

i,j i,a 

(5.15) 

Seiberg duality maps that to 

Ui ti r (vvz'/zj) 




/[w a ,7/]/[u; a ,77] 


iIa,6 r (VW W aM) / 

n r(vWMA 1/2 ^/i 0 )r(Vw7WA" 1/2I z fl /2') 


(5.16) 


i.e. 


/[^ a ,r7]/[^ a ,r)] 


d^z 


1 -r ti/ I ~ ~ j 5 r rr II r (\A?Wa/4) r (v / ^V^a)/[Aa, w] . 

lla,6 r (VWWaM) ./ Ha^IWZft) 

(5.17) 
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If we take a residue at p — p n//N , we are looking at a vev for the anti-baryon opera¬ 
tor in the SU(2N ) gauge theory. We can look at contributions from z a = w a p rna ~ n /( 2N ') 
with Y, a m a = n: 


A r i fr - -1 V' TT F (P 


a^b 


T(p ma mb w a /w b ) 




a,6 




This is a striking formula which converts a’t Hooft surface acting on the interface into 
a “flavor” ’t Hooft surface acting on the global symmetries of the interface. 

We can then take a second residue at fj = p ~ n / N , to get 


O n [ta a ] Oji [iCa] 


m a a^b 


n 


r ( yjp- ( n +") / N p mb W b / W a ) 

T ( ( n + ft) / Jv iu 6 /iy 0 ) 




(5.19) 


For example, setting n = 0 we should have a recursion 

6i[i»J = V IT W J T - TT [» tP 

We can write this recursion term-by-term: 

^ @(y/pq(pty-^ w 'u , b/Zi) = ^2e(y/pq(p 2 X)~^pw a /zi) JJ 

b a b^a 


<5a,6-l/(2AQj 


1 

8(w a /w b ) 


1/2N W a /w b )l[e(^(p 2 \) 2 *W h /Zi) 

b b^a 


(5.20) 


.(5.21) 


Setting n = 1 we get 

o 1 K]6 1 K] = En^) 

a b^a 


\0(p 1/N w a /w b )d 2 [w b p 5a ’ b 1/(2Ar) ]. 


(5.22) 


6 Codimension 2 defects 

A similar Higgsing procedure can also introduce codimension two (or three dimensional) 
defects in the 5d gauge theory, possibly intersecting domain walls along two-dimensional 
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defects. For example, starting from a “UV” gauge theory with a duality wall and 
turning on appropriate Higgs branch vevs, we are able to obtain an “IR ” gauge theory 
modified both by a duality wall and a codimension two BPS defects. In other words, 
we obtain a duality domain wall for the combined system of a 5d gauge theory and a 
3d defect in the gauge theory. 

For simplicity, we will focus on the simplest example: the RG flow from SU ( 3)2 
theory with Nf = 2 fundamental hypermultiplets and pure SU( 2)2 gauge theory initi¬ 
ated by a vev of a mesonic operator. See [32] for more details. A position-dependent 
vev leaves behind a specific codimension two defect in the SU( 2) 2 gauge theory, cor¬ 
responding to a set of D3 branes ending on the hve-brane web for pure SU( 2) 2 gauge 
theory. I 11 this section, we aim to discuss the correction to the duality wall due to the 
presence of this defect. We will first review the Higgsing procedure in the absence of 
the duality wall. 


6.1 Higgsing in the absence of a duality wall 

We start with the hemisphere index of the UV theory, which is given by 


H 3:2 (zi, w a , A; p, q) 


(pq\ Pi q)Io Yl'Ujtp^/zyP’ g)°° 

n 3 i=inl=i(vpq z i/ w a;p,q)oo 


Z^t{zi,w a ,X-,p,q) . 


( 6 . 1 ) 


We can Higgs this partition function by giving nonzero vev to the mesonic operator, say 
M 2 = q x q 2 - From the full sphere index point of view, the Higgsing procedure amounts 
to taking a residue at the pole corresponding to the meson operator. The full index 
has the poles of the form w\jw)2 = p r+1 q s+1 from the meson operator. Here, r,s label 
the angular momentum of the meson operator along the four spatial directions. Thus 
r = s = 0 means the meson operator has no position dependence, so it corresponds 
to giving a constant vev to the meson operator. Therefore, if we takes the residue at 
the pole W 1 / 1 V 2 = pq , we end up with the superconformal index of the IR 577(2) gauge 
theory without defect. 

The residue at the pole with nonzero r or s gives rise to the full sphere index of the 
IR SU(2) theory with a defect. We will focus on the simplest defect with r = 1, s = 0. 
In the contour integral expression, the pole at W\/w 2 = p 2 q appears when two sets of 
poles (z 3 = w 1 (p^/pq)~ 1 ,z 3 = w 2 ^pq) and (z 3 = w ly /pq~ 1 ,z 3 = w 2 p^/pq) pinch the £3 
integral contour. These two sets corresponds to two different vacua of the defect. The 
full IR index with the defect can be obtained by the sum of residues from these two 
sets. 

This Higgsing procedure can also be performed at the level of the hemisphere 
index. This should give a certain extension of Dirichlet boundary conditions for the 
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bulk theory to a boundary condition for the 3d defect. We will actually get two possible 
answers, which should correspond to two basic boundary conditions for the defect which 
constrain it in the IR to sit in either of the possible two vacua for the defect. 

The hemisphere index (6.1) has poles at Z 3 = w^p^/pq )^ 1 and z 3 = W\y/pq~ l . 
One can Higgs the hemisphere index by taking residues at either of these poles and 
setting W1/W2 = p 2 q. We first take the residue at the pole Z 3 = W\[j)y/pq)~ l . It gives 
the hemisphere index with a codimension two defect and a certain choice of boundary 
condition for the defect. 

a,p,\',P,q)= lim 

u>i—>/x2 p 2 q, 

Z3—HV1 (p^/pq)— 1 

= (PQi P, q)oo{pqa ± - 1 p, q)oo{p~ 1/4 ; q)^Z^(a, //, A; p, q) , 

where a = Z\/z 2 , P = (wiu^) 3 ^ 4 - Similarly, the residue at the second pole Z 3 = Wiy/pq^ 1 
gives the hemisphere index with a codimension two defect and another choice of bound¬ 
ary condition for the defect. 

a,p,X',P,q)= lim 

wi^W2p 2 q, 
zs^wi^/pq- 1 

= {pq^P,q)oo{pqa ± ]p 1 q) 00 {p l/ 4 qp~ 1 Va ± ]q) 00 Z ( 2 t {a,p 1 \\p,q) . 

The functions and Z^ t are the instanton partition functions with the fugacities 
tuned as required by the poles we picked. 

These partition functions with defects are known to satisfy certain difference equa¬ 
tions [32] (See also [34]), which encode the expansion of bulk line defects brought to 
the codimension two defects into a sum of line defects defined on the codimension two 
defects. The difference equation can be thought of as the quantization of the algebraic 
curve describing moduli space of supersymmetric parameter space of the 3d theory liv¬ 
ing on the defect. It also encodes the Seiberg-Witten curve for the 5d bulk gauge theory. 
The canonical coordinates on the moduli space are the parameter /1 and its conjugate 
momentum When q ^ 1 , they become non-commuting operators p M /i = qpp^ and 
the algebraic curve written in terms of these coordinates is promoted to the difference 
equation. 

The defect partition function IP 1 ' 1 with the first boundary condition satisfies ex¬ 
perimentally the relation 

P ^ 1 ~ 1 - VP~\l + A)/i -2 + p~ 1 q~ 2 Xp~ 4 p„ = —p~ 1 / 4 /W 1 (H^j’nd) • (6.4) 



Ht=i(y/Mz3/Wa,p,q) 0 o 

(p?; P, g)oor(p- 3 / 4 p- 1 v / a ± [ 


II i,2 (zi, w a , A; p, q) (6.3) 



Yl 2 a=i(ypq z 3/ w ^p^q)^ 

{pq',p,q)oo^'(p 3 / 4 p~ 1 Va d 


-II 3 ’ 2 (zi,w a ,\;p,q ) (6.2) 
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We denote by (W f ^ d ) the fundamental Wilson loop expectation value in the IR SU (2) 
gauge theory in the presence of the codimension two defect. It can be obtained by 
Higgsing the fundamental Wilson loop of the UV SU(3) gauge group as follows: 

(Wfund) = lim 2 ((^fund) - *&) V^3 ■ (6-5) 

W\—^W2PQ, 

Z3^wi(p y /pq)~ 1 

In the Nekrasov-Shatashvili limit [35], when p —> 1, this Wilson loop reduces to the 
fundamental Wilson loop of the pure SU( 2) theory. 

On the other hand, the defect partition function with the second boundary 
condition satisfies experimentally the relation 

Pp ~ 1 - y/pO- + A)p~ 2 + pq 2 Xp J ~ A p~ % = W^wfid) , (6.6) 

where 

(W'fund) = lim 2 ((W£i) - * 3 ) \/is ■ (6.7) 

w\—>W 2 P q, 

23— 

We have checked these difference equations numerically up to 3-instantons. We 
leave the analysis the physical meaning of these relations to future work. 


6.2 Higgsing in the presence of a duality wall 


Let us now consider this Higgsing procedure when coupled to the duality domain wall. It 
leads to the duality wall action on the hemisphere index in the presence of codimension 
two defects. As we will see, the Hggsing can also introduce extra degrees of freedom 
localized at codimension two locus where the boundary intersects the codimension three 
defect. 

The hemisphere index of the UV SU (3) theory coupled to the duality wall is given 


by 


DII 3 ’ 2 = L 


v 


dA nUi UA-'V./;') 

q 2^.1 r<A) nsw m-A') 


n 


Il (\. w a , 


(6.8) 


This index satisfies the duality relation (3.19). We shall Higgs the both sides of this 
relation by taking the residue at w\/w 2 = p 2 q. The same Higgsing procedure as above 
leads to the following relations: 


//«(a,/q A" 1 ) 


(6.9) 


(p; p) oo(g; q)™ 

2 ! 


db 

2 n ib 


T(v / Aa ± 6 ± ) 

r(A)T(6±) 


II^\b, y/Xp, A) + 


T( v ^Aa ± 6 ± ) 
T(A)T( 6 ±) 


Z 2d (a,b,^X)II^ 2 \b,VX^X) 
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and 


T j(2)( x-in b;p)oo(g;g)oo f db r(7Aa ± 6 ± ) (2) ^ 

" (o ’"’ A ) = - 2 !- fM T(A)rw " (M0) 

We can identify the collection of theta functions in the first relation as the 2d 
elliptic genus of some 2d degrees of freedom: 

Z 2d {a 1 b,ii 1 \]q) =6{p~ l/i ii~ l ^ ± \q)~ l e[j)~ ll4L y/\iiVb ± \q)~ l , ( 6 . 11 ) 


where 6 {x\q) = (x-,q) 00 (qx~ 1 'q) 00 . This appears to be the contribution of two (2,0) 
fundamental chiral multiplets with appropriate global charges. Physically, the coeffi¬ 
cients of these relations capture the 2d field content at the intersection of the duality 
wall and the codimension two defect, for a given choice of vacua on the two sides of the 
duality wall. 

We fold it convenient to rewrite the relations as 


A-!)\ 


b, I 1 - V 


f//«(&, ft A) j 


( 6 . 12 ) 


Here we have defined an integral operator 


M 2x2 (a,b,fjL,\) 


(p;p)°o(g; g)oo 

2 ! 


db r(V^a*6*) /1 . 

2 mb r(A)r(6 ± ) (o 1 ) ’ 

(6.13) 


with a shift operator A acting on /i. 

This integral operator can be though of acting on the partition functions of some 
boundary condition or interface for the bulk theory in the presence of the codimension 
two defect, computed in the IR with the defect sitting in either of its two vacua. 

We can derive the relation M 2x 2 ( 0 , b, A" 1 )M 2X 2 (^, c, A) = S oc expected for a Z 2 du¬ 
ality wall by Higgsing the corresponding identity for the domain wall partition function 
in the SU( 3) 2 gauge theory. It involves an interesting integral identity: 


Zl _ nyrW) tdc_ _ iwfrvn JJ(2) 

47T*6 r (6±)0(p- 1 / 4 yA/i- 1 v / ^|g) J 47ncr( c ±)0(p-i/4 /iv /^ ± | g ) 

/ Zl _r(^VW) f dc_ _ r(VA b±c±) um 

T ±mb T (p±} e(j) -i/i^x \iVt\q) J 47rzcr(c±)0(p-i/4 At -i^ ± | g ) 


7 Duality walls between Sp(N ) and SU(N + 1) theories 

We have seen in the previous sections how the existence of the Z 2 -duality interface 
of SU(N ) gauge theories is encoded at the level of the superconformal index in the 
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properties of an “elliptic Fourier transform”. In particular, the index of the domain 
wall degrees of freedom, combined with the SU(N) vectormultiplet integration measure, 
provides the integral kernel for the elliptic Fourier transform. With a proper definition 
of the integration contours, the inverse of the elliptic Fourier transform is the elliptic 
Fourier transform itself, up to the inversion of the parameter A associated to the gauge 
theory instanton fugacity. 

There are other elliptic integral transformations with properties akin to the elliptic 
Fourier transform. In particular, there is a class of “A-C” pairs of integral transforma¬ 
tions introduced in [10] and reviewed below, such that the two members of each pair 
are inverse of each other. The two integral kernels can be decomposed into the product 
of vectormultiplet integration measures for SU(N + 1) and Sp(N) respectively and a 
common residual kernel, again up to the inversion of a parameter A. 

It is natural to interpret the two integral transforms in each pair as describing the 
action of a single interface between some Sp(N) and SU(N +1) gauge theories onto the 
boundary conditions of either theory, with the property that the composition of two 
such interfaces (either from SU(N + 1) to Sp(N) and back to SU(N + 1) or vice versa) 
flows to the identity in the IR. More ambitiously, we may hope that such interface may 
actually be a duality interface, encoding a common UV completion for the two gauge 
theories. 

The matter content of the tentative duality interface appears to consist of a bi¬ 
fundamental chiral multiplet q of SU(N + 1) x Sp(N) together with a chiral multiplet 
M in the antisymmetric representation of SU(N + 1). The fugacity visible in the index 
are compatible with a 4d superpotential 

W = TrqMq T uj , (7.1) 

where u is the symplectic form of Sp(N). These 4d matter fields have (N + 3) units 
of cubic anomaly for the SU(N + 1) global symmetry and various mixed ’t Hooft 
anomalies. When we couple it to the 5d bulk theories, these anomalies should be 
canceled by anomalies arising from the 5d theories with certain boundary conditions. 

Notice that for N —1 the matter content and couplings are precisely the same 
as for the Z 2 duality wall for SU( 2) gauge theories we defined in the first half of the 
paper. In this section we will thus set N > 1. 

The simplest possibility would be to couple such interface fields to pure 5d gauge 
theories on the two sides. If we assign charges 1/2 and — 1 to q and M under some global 
symmetry 17(1 )a, the cancellation of mixed anomalies will tie 17(1 )a to (appropriate 
multiples) of the instanton symmetries on the two sides. An obvious obstruction to 
this idea is that the cancellation of the cubic anomaly for SU(N + 1) would require a 
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Chern-Simons level k = N + 3, which should be excluded by the bound |/c| < N + 1 
proposed of [4] as a necessary condition for the existence of a UV fixed point. 

We can also add Nf fundamental flavors on both sides of the wall, with the usual 
cubic superpotential coupling 

W = XqX' . (7.2) 

involving the halves X and X' of bulk hypermultiplets for the for SU(N + 1) and 
Sp(N) gauge theory respectively. This gives the constraint k = N + 3 — Nf/ 2, which 
again violates the expected bound |/c| < N + 1 — Nf/2. The interface glues together 
the SU(Nf) flavor symmetry on the SU(N + 1) side to the SU(Nf) subgroup of the 
SO(2Nf) flavor symmetry on the Sp(N) side and glues the instanton symmetries to 
appropriate combinations of 1/(1) a and the U(l)f flavor symmetries on the two sides. 

Soldiering ahead and ignoring the apparent obstruction, we can compute the action 
of the conjectural duality wall onto Sp(N) Dirichlet boundary conditions, i.e. the action 
of the C integral transform onto the appropriately dressed Sp(N) instanton partition 
function (with appropriate discrete theta angle). The result is very encouraging: for 
small N we will find that the result of the integral transform admits a power series 
expansion in positive powers of the SU(N + 1) instanton fugacity, as it should be for 
an SU(N + 1) instanton partition function. 

Furthermore, the perturbative part of the answer is precisely right. We cannot 
compare the contribution with positive instanton number to a standard expression for 
the SU(N + 1) instanton partition function, as the usual ADHM localization integral 
itself becomes problematic if we violate the standard bound |k| < N+l: the localization 
integral has poles at the origin or infinity of degree higher than 1, which signal the 
presence of spurious contributions from the Coulomb branch of the ADHM quantum 
mechanics, i.e. the singularity of the instanton moduli spaces. We have not been able 
to find a systematic way to deal with these poles and recover the desired answer. 

We are thus posed with two basic problem. The first question is to identify a 
UV completion of SU(N + 1) SQCD with k = N + 3 — Nf/2, endowed with a global 
symmetry enhancement U(Nf) — > SO(2Nf ) and a second mass deformation to an 
Sp(N) gauge theory with the same number of flavors. It would be nice to pinpoint a 
specific brane construction demonstrating the desired UV completion, but we will not 
do so. It should be straightforward to derive it from the proposal of [11], In the next 
sub-section we will sketch a field theory argument for the possibility of a UV completion 
with the appropriate enhanced global symmetry. 

The second question is to find a prescription to compute the instanton partition 
function of that SU(N + 1) gauge theory which agrees with the C elliptic Fourier 
transform of the partition function of an appropriate Sp(N) gauge theory. For SU (3) 
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gauge theories, we will propose a prescription of the instanton quantum mechanics in 
appendix B and show that the partition function of this quantum mechanics reproduces 
the result of the C elliptic Fourier transform. Lacking such a prescription for the 
theories with higher rank gauge group, we will simply give some explicit calculations 
of the elliptic Fourier transform of Sp(N) partition functions and extract from them 
the predicted form of the SU(N + 1) gauge theory instanton partition function. 

7.1 Enhanced symmetry of SU(N + 1) theory 

Our first task is to test the possibility of an UV global symmetry enhancement U(Nf) 
SO(2Nj) for SU(N ) SQCD with k = N + 2 — Nf/2. We will follow and extend 
the analysis of conserved current multiplets arising from instanton operators proposed 
in [36] (See also [37]). 

Consider an instanton operator with instanton number ‘1’ inserted at the origin 
of M 5 . It induces a nontrivial gauge configuration on a round S' 4 surrounding the 
instanton operator. The quantum numbers of such an operator can be computed in 
analogy to monopole operators in 3d, by adding together classical contributions and 
the contributions which arise from the quantization of fermionic zero modes on this 
gauge held background. 

Let us first consider the pure 517(2) gauge theory. The Af = 1 vector multiplet 
has a gaugino in the doublet of 517(2)# R-symmetry and in the adjoint representation 
of the 517(2) gauge symmetry. The gaugino provides 8 fermion zero modes Aon the 
instanton moduli space, where i — 1,2 labels a doublet of 517(2)# and a = 1,2, 3,4 
labels the spinor indices of SO(5) isometry on S’ 4 . The quantization of these zero 
modes leads to 4 raising and 4 lowering operators and they construct sixteen states, i.e. 
(fJ'ijj'ipia, J£), forming a current multiplet which one identifies with a broken generator 
of the UV 517(2) global symmetry. Here the superscript '+’ denotes the instanton 
charge +1. 

Next, we can consider an SU(N) gauge theory. The one-instanton configuration 
can be embedded in the 517(2) subsector while breaking the gauge symmetry to SU(N— 
2) x 17(1). The generator of the 17(1) subgroup then takes the form 

diag(JV — 2, N — 2, —2, • • • , —2) . (7.3) 

Thus the 1 instanton operator of the SU(N) theory with a classical CS-level k has 
naive 17(1) gauge charge ( N — 2)k. The gaugino can be decomposed into the adjoint 
of the 517(2) C SU(N) and the adjoint of the SU(N — 2), and a bi-fundamental of the 
517(2) and SU(N — 2). The adjoint fermion of the 517(2) provides the same fermionic 
zero modes as for 517(2), generating the sixteen states. There are also additional 
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fermionic zero modes from the bi-fundamentals. The quantization of these additional 
fermion modes leads to the raising operators B ia where a denotes the fundamental of 
the SU(N — 2) subgroup. Imposing the SU(N — 2) gauge invariance one can construct 
the following states 

10} , |0>, (Bi„) 2(JV - 2) |0) . (7.4) 

where |0) is the ground state tensored by the broken current supermultiplet. These 
states carry U( 1) gauge charges — (N — 2 )N, 0, +(N — 2 )N respectively. Among these 
three states, the first and the third states carry appropriate SU(2 )r charge for being a 
current multiplet. We also need to impose the U( 1) gauge invariance. 

Therefore, the instanton operator provides a broken current supermultiplet when 
the classical CS-level satisfies 

k±N = 0. (7.5) 

This supports the U(l) in —> SU( 2) global symmetry enhancement of the SU(N)± n 
gauge theory at the UV fixed point. 

We now consider SU(N) gauge theory with fundamental hypermultiplets. The 
Nf fundamental hypermultiplets induce on the instanton moduli space Nf complex 
fermionic zero modes carrying the flavor charges and 17(1) gauge charge N — 2. The 
quantization leads to Nf raising operators C a , a — 1, ■ ■ ■ , Nf and they act on the states 
as 

C ai ---C ar \0 ) , (7.6) 

where 0 < r < Nf. These states have 17(1) gauge charge (N — 2)(r — Nf/ 2) and 
flavor charges. We can construct the instanton operators by tensoring these states with 
the above gaugino contribution and imposing 17(1) gauge invariance. Then one can 
see that there exist candidate broken current supermultiplets having zero 17(1) gauge 
charge when 

k± N + r- Nf/2 = 0 , (7.7) 

which may signal the symmetry enhancement of the UV CFT. 

If we impose the standard bound |k| < N — Nf/2 as in [36], one finds that r should 
be 0 or Aj and the broken current multiplet exists only when 

r = 0 : k — —(IV — Nf/2) , r = N f : k = N - N f /2 . (7.8) 

The surviving current multiplet with r = 0 or r = Nf is a singlet under SU(Nf) flavor 
symmetry and carries the baryoninc U(1)b flavor charge — Nf/2 or Nf/2 , respectively. 
Thus the SU(Nf) x U{1)b x U(l) in global symmetry will be enhanced as expected 
to SU(Nf) x S77(2)-|- x 17(1)^ at the UV fixed point by the instantonic conserved 
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currents, where ± means linear combinations of the U(1)b and t/(l)m current, namely 
J7 ± (2 /Nf)Jg. In particular, when Nf = 2N, both r = 0 and r = 2N states survive 
and the UV global symmetry is enhanced to SU(Nf) x SU(2) + x SU( 2)_. 

If we relax the bound on n, though, other possibilities occur. Suppose we violate 
the bound by n\ 

|k| < N + n - N f /2 , (7.9) 

We find that the broken current multiplets may exist if r < n or r > Nf — n. The 
states with r < n can survive when 

k = N + r- N f /2 , (7.10) 

while the states with r > Nf — n can survive when 

K = -N + r-N f /2 . (7.11) 

These states provide candidate broken current multiplets in the rank r antisymmetric 
representation of the SU(Nf) flavor group. 

There is no symmetry group whose adjoint representation is decomposed into ir- 
reps involving any rank r > 2 antisymmetric representation of a subgroup. Thus we 
expect theories with n > 2 to be truly incompatible with an UV completion. The con¬ 
straint (7.9) with n — 2 agrees with the constraint conjectured from the (p, q ) 5-brane 
web realization of the 5d CFTs in [11, 38, 39]. A similar analysis has been done in [12]. 

For r = 1 (or r = Nf — 1) when k = N + 1 — Nf/2 (or k = —N — 1 + Nf/2) the 
candidate broken currents transform in the (anti-)fundamental representation of the 
SU(Nf) flavor symmetry with the U(1)b charge —Nf/2 + 1 (or Nf/2 — 1). Therefore 
an UV CFT may exist with enhanced global symmetry SU(Nf + 1) x 17(1). The cur¬ 
rent multiplet of the SU(Nf + 1) is in the adjoint representation which is decomposed 
by current multiplets in the adjoint and a fundamental and an anti-fundamental rep¬ 
resentation of the subgroup SU(Nf). The fundamental and anti-fundamental current 
multiplets are generated by following the above procedure in the instanton background. 
In particular, when k = ^ (or k = — |) and Nf = 2N + 1, an additional state with 
r = Nf (or r = 0) survives and it gives a current multiplet which is a singlet under the 
SU(Nf) flavor symmetry. Thus in this case we have a bigger symmetry enhancement 
to SU(2N + 2) x SU( 2). Furthermore, when k = 0 and Nf = 2N + 2, both states r = 1 
and r = Nf — 1 survive and provide two broken current multiplets in the fundamental 
and anti-fundamental representations. Therefore the symmetry of the UV CFT may 
be enhanced to SU{2N + 4). 

Similarly, the instanton state with r = 2 (or r = Nf — 2) generates the broken 
current multiplet in the antisymmetric representation of the SU(Nf) when k = N + 
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2 — Nf/2 (or k = —N — 2 + Nf/ 2). This suggests the global symmetry enhancement of 
U(Nf ) x U(l) in —» SO(2Nf) x 17(1) at the UV fixed point. When k = 1 (or k = —1) 
and Nf = 2N + 2, one more state with r = Nf (or r = 0) survive and it provides a 
current multiplet which is singlet under the SU(Nf). So the enhanced symmetry of 
the UV fixed point becomes SO(4N + 4) x 517(2). When k = | (or k = — \) and 
Nf = 2N + 3, two states with r = 2 and r = Nf — 1 (or r = 1 and r = Nf — 2) can 
provide current multiplets in the antisymmetric and the fundamental representations 
of the SU(Nf) with different U{1)b charges, —N + 1 and N + | respectively. So the 
enhanced global symmetry of the UV CFT is SO (4 N + 8). Lastly, when k = 0 and 
Nf = 2N + 4, two instanton states with r = 2 and r = Nf — 2 survive and they provide 
current multiplets in the rank 2 and rank Nf — 2 antisymmetric representation of the 
flavor symmetry. It has been conjectured in [11, 12] that the SU(N) 0 gauge theory 
with Nf = 2 N + 4 fundamental hypermultiplets is expected to be UV complete and has 
a 6d fixed point. The corresponding 6d theory is the (-Djv+ 2 , D^ +2 ) minimal conformal 
matter theory [40, 41]. 


Nf 

SU (A r )±(7v+l-W f /2) 

N f 

SU (N)±(N + 2-N f /2) 

< 2 N 

2N + 1 
2N + 2 

SU(N f + 1) x U{ 1) 
SU(N f + 1) x SU( 2) 
SU(N f + 2) 

<2N + 1 

2N + 2 
21V + 3 

SO{2N f ) x U{ 1) 
SO(2N f ) x SU{2) 
SO(2N f + 2) 


Table 1. Enhanced global symmetries of the 5d SCFTs. See also [11, 12]. 


The discussion in this subsection strongly supports the duality proposed in this 
section. Following the fermion zero mode analysis above, the SU(N + 1) gauge theory 
with the CS-level n = 1V+3 — Nf/2 may admit a UV completion with a global symmetry 
SO(2N f ) x U{ 1) when N f < 2N + 2 and SO(2N f ) x SU{ 2) when N f = 2N + 3, which 
is the same as the expected UV global symmetry of the dual Sp(N) gauge theory. 


7.2 FFom Sp(N) to exotic SU(N + 1) 

We first discuss the superconformal index and the instanton partition function of Sp(N) 
gauge theory. The superconformal index of the Sp(N) gauge theory with Nf funda¬ 
mental flavors takes the form 
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The function Zg p ^ st is the instanton partition function of Sp(N) gauge theory, 
which can be computed using localization of the path integral on the instanton moduli 
space given in [30, 42]. The 5d Sp(N) instanton partition functions are studied in great 
detail in [ 6 , 26]. The results are summarized in appendix A. 

The Sp(N) gauge theory has 0[k ) dual gauge group in the ADHM quantum me¬ 
chanics. At each instanton sector we will compute two partition functions Z£ and Z 0 
for 0 [k) + and 0 (k)_, respectively, 

1 / n d(pi Nf 

Zfipt, rn ; e li2 ) = TyTi ei, 2 ) JJ Z fund(<^ £ 1 , 2 ) , (7-13) 

with k = 2n + x and y = 0 or 1. See appendix A.2 for details. In the following, we 
will assume that 9 = 0 for odd N + Nf and 9 = n for even N + Nf while choosing the 
same mass signs for all matter fields for notational convenience. 

The k instanton partition function can be written as 

z s P (odd)(oi,m]e i >2 ) = i [Z+(a,m;e 1)2 ) +Zj:(a,m;e h2 )] , 

(—l) fc 

z sp(even)(^,m]e h2 ) =—^\Z+{a : m;e h2 ) - Z^{a : m]e h2 )\ ■ (7.14) 

For instance, when k — 1, there is no integral and the instanton partition function is 
simply given by sum of two partition functions 

z+ _ p 3/2 q 3/ ' 2 n«2l Wg L/2 (-l + W a ) z _ = p 3/2 g 3/2 + w a ) 

k=l (1 -P)(l - q) nf=i(l - y/pqzt) ’ ^ (1 -P)(l - 9) UliO- + Vm4) ’ 

(7.15) 

for 0 ( 1 )+ and 0 ( 1 )_, respectively. 

For higher instantons, we need to evaluate the contour integral over 0{k ) Coulomb 
branch parameters using the JK-residue prescription. For example, the 2-instanton 
partition function has a contour integral over one variable (j) 1 for 0 ( 2 )+ sector, whereas 
has no integral for 0(2)_ sector. The JK-prescription tells us that the poles we should 
pick up are 

± cp + e+ = 0 , 20i + ci = 0 , 20i + 62 = 0 , (‘O’ = 0 mod 27 t) . (7.16) 

The sum over the JK-residues plus the 0(2)_ contribution gives the full 2-instanton 
partition function. 

Furthermore, when Nf — 2N + 4, there exists a continuum in the instanton quan¬ 
tum mechanics associated to a classical noncompact Coulomb branch. The partition 
function involves an extra contribution coming from this continuum which should be 
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removed to obtain the correct QFT partition function. We find that the extra contri¬ 
bution takes the form 


z N f = 8 

^ Sp, extra 


PE 


1 +pq 


[ 2(1 — p)(l — q) 


2 

9 Sr) 


(7.17) 


The half-integral coefficient in the letter index obviously shows that this is coming from 
a continuum. This correction factor can also be obtained by taking a half of the residue 
at infinity 0/ = ±oo in the integral formula. The QFT instanton partition function is 
therefore defined as 


yN,Nf—8 _ yN,Nf—8 iyNf—8 

^Sp, inst ^ Sp,QM / ^Sp, extra ? 


(7.18) 


where Zs P) qm is the standard instanton partition function before removing the extra 
factor. 

Next, we need to assemble the instanton partition function and 1-loop determinants 
into the hemisphere partition function for Dirichlet boundary conditions: 


_ ni^Wsftoo nti(P^ 2 ;:PW)oo N,N f 


T r N,N f / \ X Vi -J. L J /' 'A AZ=± Vi -i l ) 1 I L/^-J f-ylM .iy f / \ 

n s P (*i. I“a, <1 s P ] P, q) = — „„ . _ X . -;- Zsr.iL «(*■ w - W P> V ■ 

(7.19) 

The hemisphere index for the SU(N + 1) theory is similarly defined and takes the 


ni=illaMVPQ z t/ w a;p,q) 


form 


II 


N+i,N f t v 

su (Zi,w a ,qsu-,p,q) = N+1 Nf - 


7 N+l,N f 
J SU, inst ' 


Z qtt (Zi,W a i (\sU'iP-> ■ 


n;=l Y[aLi{y/pqZilWa,P,q) 

with an a-priory unknown instanton contribution Z^- m ^ t ! . 

The degrees of freedom on the duality wall have the 4d index contribution 

nil 1 IlJL, WVX44 ) 


(7.20) 


nit 1 r(A z\z',) 


(7.21) 


Li>j 


where z' and z are the fugacities for the bulk SU(N + 1) and Sp(N) gauge groups. 
To couple this to the 5d index, we need to multiply the 4d Sp(N) vector multiplet 
contribution and integrate the Sp(N) gauge fugacities z. The result is given by 


DHs p Nf = j d VzA {G \ z i z 'i>') II Sp Nf { z ii ( \SpiW a ) , 

where w a is the fugacity for U(Nf ) C SO(2Nf ) flavor symmetry and 

a? nit 1 nil r (V\44) 


A^(z,z',X) = 


nit r (v;^)I! . rtfzf) ni,rtf 


l>] 


(7.22) 
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Our conjecture is that the duality action D on the hemisphere index of the Sp(N) 
gauge theory converts it into the hemisphere index of the SU(N + 1) gauge theory in 
the other side of the wall. So the following relation is expected to hold 

DII Sp {Zi, w a,c\SpiP,q) = II SU { z i^ w a^su;p,q) ■ (7.24) 


In this relation, the fngacities for the global symmetry in two sides of the wall should 
be identified as 


N f N f 

w a = A l,2 w' a , q Sp = A (7V+1)/2 JJW 1/2 , qsu = A -1 \\{w' a )~ 1/2 . (7.25) 

a= 1 a= 1 

The first relation comes from the the constraint of the 4d superpotential. We deter¬ 
mined the second and the third relations experimentally from the duality relations 
(7.24) and (7.29), but they agree with the relations expected from cancellation of the 
mixed’t Hooft anomalies for the duality wall. 

The simplest example would be the duality action between Sp( 2) and SU (3) gauge 
theories with Nf flavors. To evaluate the integral in (7.24) and see the duality relation, 
we should choose a particular contour. We take the contour to be along a unit circle 
while assuming i<A<l. 

Acting with the duality wall, we find the following result for Nf = 0: 


Dilute, qs„) = IlH(zi, qsu) (7.26) 

=1 + (-xf (3) + xf <3 W) (> + xf ' : %W + xf%)* 4 ) 

+ (xf W + xf W + xfT - (xT” + Xif (3> ) qsu + xf ,3, q lu) ^ + 0(x 5 ) 


where xf (3) is the SU{ 3) character of the dimension r irrep with fngacities 2 ,. We 
checked that the right hand side agrees with the perturbative part of the SU(3) hemi¬ 
sphere index and admits an expansion in non-negative powers of qst/, up to the order 

x 5 . 

For general Nf < 8, we find 


qsp) = Hsu'izf <■ qsu) 

= l + xf (3) xr'’* + 


(7.27) 
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a= 1 


x 2 + 0 (x 3 ) , 
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where Xy' Nf ' > is the U(Nf) character with fugacities (u^)^ 1 of a irrep labeled by a 
Young tableau Y. We have identified the parameters as (7.25). The perturbative part 
on the right hand side agrees with that of the SU(3) theory and the other parts are 
expanded by non-negative powers of qsu- This relation has been checked at least up 
to x 3 order. 

In appendix B, we shall suggest a UV prescription of the instanton moduli space 
of our exotic SU (3) theory with matter fields, whose partition function precisely repro¬ 
duces the right hand side. In addition, we will explicitly compute the superconformal 
index of this SU (3) theory and show the desired global symmetry enhancement at the 
UV fixed point. 

One can also consider the generalization to higher rank gauge theories. Acting 
with the duality wall on the hemisphere index of the Sp( 3) theories, we obtain 




=i ++ 


(Zi. w a . q Sp ) = w' a , else) (7.28) 

■ xk (4) + (xf 1 VxS 1 + 


N f 


x s Y 2, (y)x! m xS N,> + (xl uf %) + US’) n 


a=1 


x 2 + 0 (x 3 ) 


for Nf < 3, by identifying the parameters as (7.25). We checked that the right hand 
side agrees with the perturbative part of the 577(4) hemisphere index and admits an 
expansion in non-negative powers of qsx/, at least up to the order x 4 . 

Of course, the duality wall can also act in the opposite direction, from SU(N + 1) 
to Sp(N). 


DII^ 1 ' Nf ( z ', w ' a ,qsu) = j dfi z >A( A \z , ,z,\)IIgu 1 ’ Nf (z , i ,w' a ,qsu) = iv a , q 5p ) , 

(7.29) 

where the 4d index of the boundary degrees of freedom involving the 4d vector multiplet 
is given by 

^nf. 1 nfi 1 r(^- 1 y/z') (730) 


A ( ' 4) (z',z,A) = 


n^‘ r«/«5) IKJ* r(A->(^)->) 


N+l 


The contour is chosen along the unit circle with an assumption x <C A -1 < 1 and the 
parameters are matched as (7.25). 

Of course, this follows from the CA and AC inversion formula introduced in [10]: 


j) dp z ,A {A \z',x, A) j) dp z A (C \z,z',X)f(z) = f(x) , 

j> dp z A [c \z, x, A) ^ d/i z 'A {A \z ', z, A )f(z') = f(x) . (7.31) 
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Note that the contours should be chosen along unit circles by assuming x -C A -1 < 1 
for the A-type integral, but by assuming x <C A < 1 for the C-type integral as specified 
already. 


7.3 Wilson loops 

In this subsection, we will study the properties of BPS Wilson loops under the conjec¬ 
tural duality in the previous sections. We will focus on the simplest cases: fundamental 
Wilson loops of the Sp( 2) and SU(3) gauge theories meeting at the interface. The Wil¬ 
son loops on two sides of the wall are connected at the boundary by the bi-fundamental 
chiral multiplet q. The chiral multiplet q has charge | under the non-anomalous £/(1)a 
global symmetry. To cancel the global charge when it couples to the Wilson loops, 
we combine the gauge Wilson loops with a flavor Wilson loop for the with fla¬ 

vor charge |, which follows from the similar argument in section 4. We will compute 
hemisphere indices and test this duality property between two fundamental Wilson 
loops. 

We first compute the hemisphere indices with fundamental Wilson loops inserted 
at the origin. We need to compute the instanton partition function in the presence of 
Wilson loops. As explained in section 4, Wilson loops are represented by equivariant 
Chern characters in the localization, and that for the fundamental Wilson loop is 
given in (A. 13). Then the localized partition function can be written in terms of 
the equivariant Chern characters as in (4.1). 

For the Sp(N) gauge theory, the equivariant Chern character for the fundamental 
Wilson loop can be written, at fc-instantons, as 

N n 

Ch fnnd ( ea , e<t> ) = + e ~ Qi ) - ( x “ p)( 1 - q)(pq )~ 1/2 + e ~ H + x) , (7.32) 

i= 1 7=1 

N n 

CA, md (e“, e*) = + e"“‘) - (1 - p)(l - q)(pq)- 1/2 £>*' + e~*‘ + e“x) . 

i= 1 7=1 


with k = 2n + x and y = 0 or 1. Here the superscripts ± means those for 0(h)± 
sectors. Then the 1-instanton partition function can be written as 




0 pq ) 3/2 (Ef=i(e Ql + e Qi ) - (i -p)(i - q)(pq) 1/2 ) n£i 2sinh 

(i-p)(i-g)nii(i-v^ e±Ql ) 

(pq ) 3/2 (Ef=i(e Ql + e-“0 + (1 - p)(l - q)(pq)- 1/2 ) Il£i 2 cob ^ 
(l-p)(l-g) nii(l + v^ e±ai ) 
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There could be extra instanton corrections to the Wilson loop index as we have seen 
in section 4. For the cases in this section, however, we find that there is no such 
corrections up to certain order in x expansion. 

Now we consider the duality wall action on the hemisphere index of the Sp(N) 
theory with the fundamental Wilson loop. We propose that the fundamental Wilson 
loop partition function of the Sp(N) theory is mapped to that of the SU(N + 1) theory 
after passing through the duality wall as follows: 


DW^ N >(z i: w„\) = V 1 ) 


(7.34) 


with the parameter identification in (7.25). The duality action D is defined in the same 
way as in (7.22), but the hemisphere indices IIs^su i n both sides are replaced by the 
Wilson loop indices Wg^ N s f v . The prefactor A 1 / 2 is due to the U(l)\ flavor Wilson loop. 

We compute the hemisphere indices of the Sp( 2) gauge theories and test this du¬ 
ality. We obtain 

q Sp ) = ( 1 st,) (7.35) 

=xf (3 >W + (WfW) - xf <3) W J + xf % su) x 2 

+ xf' 2 \y)x! u< %)x 3 + xf 1 %)xt m %) 2 (-xf <3) W + qstr) x 3 + o(*>), 

for Nf = 0, and 

DWt T-\zi,w,ds r ) = 

=xF ( 3 h) + (Mr-xfW ) 2 + ( l "'i) _ 1 / 2 qs(/) x + - xf' ( 3 > (z) 2 ) x 1 

+ (W)- 2 xf? < 3 ) (x) + W)- 2 xf' «(*) + Kr'xf 1 2 \v)xl u{ 3 b-) 2 ) x 2 

+ (xs^’w + («>'i) _2 X3 I,<3) (x)) («>'i) 1/2 qst/x 2 + C(x 3 ) , (7.36) 

for Nf = 1. We have checked that, for each Nf = 0,1 case, the right hand side admits 
an expansion in non-negative powers of qst/ and the perturbative part agrees with 
that of the SU (3) gauge theory, up to x 4 order. It also turns out that the right hand 
sides agree up to x 4 order with the hemisphere indices of the SU(3) theories with the 
fundamental Wilson loop whose instanton partition functions are computed using the 
UV prescription given in appendix B. 
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A 5d Nekrasov’s instanton partition function 

The moduli space of instantons has complicated singularities which are associated to 
one or more instantons shrinking to zero size. In the context of five-dimensional super- 
symmetric gauge theories, these field configurations are outside the obvious regime of 
validity of the gauge theory description of the theory. Correspondingly, the definition of 
the gauge theory instanton partition functions through equivariant localization on the 
instanton moduli spaces requires a prescription of how to deal with the singularities, 
which will depend on a choice of UV completion of the gauge theory. 

It is very challenging to work directly on the singular moduli spaces. Even in the 
absence of extra matter fields this was done only recently [43] using the technology of 
equivariant intersection cohomology. Extra matter fields, in the form of hypermultiplets 
transforming in some representation of the gauge group, provide additional fermion 
zero modes in the instanton background which are encoded into some appropriate 
characteristic class inserted in the equivariant integral. The correct description of these 
characteristic classes over the singular instanton moduli space is poorly understood. 

The standard alternative to working with the singular moduli spaces, available for 
classical groups only, is to employ the ADHM technology to provide a resolution of 
the singularities in the monopole moduli space. The ADHM construction has a clear 
motivation in terms of a string theory UV completion. It realizes the instantons as DO 
branes in presence of other brane systems which engineer the gauge theory itself. 

It is important to realize that this is not obviously the same as the quantum field 
theory UV completion we are after, which should involve some 5d SOFT or perhaps a 
6d SOFT. Luckily, it appears that the answers computed by the ADHM construction 
can be easily corrected to sensible field theory answers, as long as the matter content of 
the gauge theory does admit a reasonable string theory lift. When that is not the case, 
it is not obvious that a construction of the correct bundle of fermion zero modes will 
actually be available in the ADHM description of the moduli space. We will encounter 
some of these issues in the Sections A.3 and B. 

When the ADHM construction for a gauge group G exists, it can be described 
as a one dimensional gauged linear sigma model of dual gauge group G, called the 
ADHM quantum mechanic (ADHM QM). The Higgs branch of this theory coincides 
with the instanton moduli space. This theory has bosonic SU(2)i x SU( 2) 2 x SU(2)r 
symmetry and 4 real supercharges where the S'0(4) = SU (2)i xSU (2) 2 corresponds 
to the spatial M 4 rotation and the SU(2)r is the R-symmetry in 5d. The indices 
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a = 1,2, a — 1,2, A = 1, 2 are the doublets of SU(2)i, SU( 2) 2 , SU(2)r symmetries 
respectively. The ADHM QM consists of the (0,4) hypermultiplets 

(B a a, A^) in adjoint rep, (qa,ift A ) in fundamental rep (A.l) 

and the vector multiplet (A t , (ft, Ad). The bosonic fields in the hypermultiplets are called 
ADHM data. 

In order to apply the ADHM construction to a five-dimensional gauge theory we 
need to find within the ADHM quantum mechanics a construction of the bundle of 
fermionic zero modes associated to the hypermultiplets. Concretely, that means adding 
extra fields to the quantum mechanics which add the appropriate fermionic bundle on 
top of the Higgs branch of the theory. If a string theory description of the gauge theory 
is available, one can usually read off from it the required extra degrees of freedom. 

If the instanton moduli space was not singular, it would be possible to derive simple 
relationships between the characteristic classes in the equivariant integral associated 
to hypermultiplets in different representations. If a string theory construction is not 
available for some representation, one can try to guess an ADHM description for that 
representation by imposing the same relationship on the the corresponding character¬ 
istic classes/equivariant indices in the ADHM equivariant integral. Some equivariant 
indices for hypermultiplets in simple representations are given in [30]. We will present 
below the equivariant indices and partition functions for the hypermultiplets used in the 
main text and discuss the difficulties associated to this naive choice of UV completion. 

The instanton partition function takes the form of the instanton series expansion 
as 

OC 

Z\nst — q k Zk , (A.2) 

k =0 

with an instanton counting parameter q. The Zk is the k instanton partition function. 
It is the supersymmetric Witten index of the Id ADHM QM. It also admits a path 
integral representation. The supersymmetric localization was employed to evaluate 
this path integral of the ADHM quantum mechanics in [18, 23]. See also [26-28] for Id 
localization calculations. We will now summarize some results. 

A.l SU(N) partition function 

The ADHM quantum mechanics has dual gauge group G = U(k) for k instantons. In 
the bulk 5d theory, one can also turn on a classical CS coupling k when N > 3. It 
induces a Chern-Simons coupling in the Id quantum mechanics [44, 45]. 

k dtTr(A t — (ft) . (A.3) 
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The k instanton partition function takes the following integral expression 

Zk(ot, m\ ei >2 ) =f IJ^e _KE ^= 1 ' /, - r Z V ec( 0 ,Q!;ei i 2 ) JJ^R a (0,a,m a ;ei i2 ) , (A.4) 

where Z^ is the contribution from a hypermultiplet in R a representation and m a is the 
mass parameter. We will often use fugacities z* = e a \w a = e m “. The vector multiplet 
factor is 


Zvec ( 0 ) ^ 1 , 2 ) 


n ; 2 smh ^ nh 2 smh 


Hz 7 2 sinh — ^ J+£1 2 sinh 




n: v =1 m = i2sinh 


±(<?h— <*i)+e+ 


(A.5) 

The hypermultiplet factor will be discussed later. 

We still have the contour integral to be evaluated. The contour integral of the 
instanton partition function should be performed using the Jeffrey-Kirwan method [26]. 
If the hypermultiplet factor has only fermionic contributions, as our naive expectation 
from the zero mode analysis in the 5d QFT, we need to take into account only the vector 
multiplet factor. The JK-prescription tells us that the residue sum of the following poles 
will give the final result. 


<p! - a, + e + = 0 , <h-<t>j + t i = 0, <pi - 4>j + = 0 . 


(A. 6 ) 


with I > J. However, we will see that the hypermultiplets can introduce extra bosonic 
degrees for the UV completion of their zero modes. Thus they can also provide nontriv¬ 
ial JK-poles above the poles from the vector multiplet. We will discuss some examples 
below. 


A.2 Sp(N) partition function 

For Sp(N) gauge theory, the ADHM quantum mechanics has G = 0(k) dual gauge 
group. Since the 0(k) group has two disconnected components 0{k) + and 0(k)_, we 
will get two partition functions and Z^ at each instanton sector. The k instanton 
partition function is then given by a sum of these two functions. In addition, the Sp(N) 
gauge theory has a Z 2 valued 6 angle associated with i r 4 ( Sp(N )) = Z 2 [3]. Two possible 
6 parameters lead to the following two different combinations [7, 46]: 




+ z k) .» = o 
hrW-^) , e = * 


(A.7) 


When the theory couples to more than one fundamental hypermultiplet, the 6 angle 
becomes unphysical because it can be effectively absorbed by flipping the sign of a 
single mass of one fundamental matter. 
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The k instanton partition function takes the form 


Zjjr(a,m-,e lj2 ) = 


\W\ 


/ f[ Si a; ew) II z t^ e h 2 ) ’ ( A - 8 ) 

J 1=1 Z a 


with k — 2n + x and X = 0 or 1- The Weyl factor is given by 

ix=o _ 


X=° _ _ 1 _ IM/|X=1 _ 1 IW|X=0 _ _ \ _ IU/|X=1 _ 1 


w =2^’ 1^1- =2^rvir |,v| =^- 

(A.9) 

The vector multiplet for 0(k) + sector gives the contribution 


7 + . 

■^vec 


2 sinli Y\^ 2 sinh ±^±£+ i = i 2 sinh ±(/>/±£ ~ +£+ 


™ 2 sinh ±^2 sinh ±0/ + 2e+ 1 * 

n 


(A.10) 


x 


n 


2 sinh e + 


YY'jy j 2 sinh 2 sinh 


±<ft/±lftj + 2 £_|_ 
2 


2 sinh ±c 2 +£+ 2 sinh 


For 0(k)_ sector, the vector multiplet contribution is 

1 


±fr± a< +£ + nil 2 Sinh ±2 fr± 2 *-+*+ n;>j 2 Sinh ±fr±*J±<-+*+ • 


= 

■^vec 


2 sinh ±i^±£+ Vf N 


n i=i 2 cosh 


±ai+e + 

2 1=1 


A 2 cosh ±&2 cosh ±0/ + 2£+ 

n 


X 


n 


2 sinh e + 


2 cosh ±fr^- +e+ 

n">j 2 sinh ±^±^2 sinh ±fr±^+ 2e + 


(A.ll) 


i=i - 2 

with /c = 2n + 1 and 

Z~ = 


2 sinh ±^±£+ nil 2 sinh ±< ^ +£+ flLi 2 sinh ±2 fr± e -+ e + J 2 sinh ±fr±*./±*-+< + ’ 


2 cosh e + 


2 sinh 


±£-+£+ i 


2 sinh(±0/)2 sinh(±</>/ + 2e^ 
2 sinh(±e_ + e + ) nil 2 sinh(±o; i + e + ) ^ 2 sinh(±0j ± e_ + e + ) 


n—1 

n 


-(A.12) 


x 


72—1 

n 


2 sinh e + 


n;i, 2 sinh sinh ±fr±^+ 2g + 


Af 2 sinh 2 sinh ±( ^ +£+ n"=i 2 sinh ±2< ^ 2 £ - +£+ UVj 2 sinh ±fr±6/±*-+<+ ’ 


with fc = 2 n. 


A.3 Hypermultiplets 

A hypermultiplet develops fermion zero modes in the instanton background. The pres¬ 
ence of the fermion zero modes can be observed using an index theorem. Accordingly, 
it is expected that the bulk hypermultiplets induce fermionic degrees on the instanton 
moduli space. When we attempt to engineer an ADHM quantum mechanics descrip¬ 
tion of these fermionic zero modes on the Higgs branch, however, extra bosonic degrees 


52 
















































of freedom are in general required. Often these bosonic zero modes give rise to ex¬ 
tra classical branches of vacua in the ADHM quantum mechanics, or extra continuum 
contributions to the spectrum, which may be spurious from the point of view of the 
5d gauge theory. In string theory constructions, they may describe DO branes mov¬ 
ing away from the brane system which engineers the 5d gauge theory. These spurious 
branches of vacua must be carefully subtracted from the final answer. 

We can give a few simple examples of this phenomenon. The instanton moduli 
space of a 5d gauge theory with an adjoint hypermultiplet has a string theory embed¬ 
ding. The instanton states can be interpreted as the D0/D4-brane bound states in this 
case. The Id gauge theory living on the DO-branes is described by the ADHM quantum 
mechanics with additional matter fields corresponding to the bulk adjoint hypermulti¬ 
pet. This theory involves extra real 4 dimensional bosonic fields that parametrize the 
4 transverse directions to the D4-branes in which the 5d gauge theory supports. The 
non-commutativity parameter (or FI parameter) in the Id QM generally make these 
directions massive. However, when the commutativity is restored, these branches of 
vacua open up DO-branes (or instantons) can escape to infinity. 

Similarly, the UV completion of instanton dynamics in Sp(N) gauge theory with an 
antisymmetric and fundamental hypermultiplets has extra bosonic degrees of freedom 
from the hypermultiplets. Its string theory embedding is given by D0-D4-D8-O8 brane 
system [47]. The extra bosonic modes again parametrize the transverse directions to 
the D4-branes. In particular, the ADHM for this theory does not have noncommutative 
deformation of the space. Hence the observables computed using this UV completion 
in general involves extra contributions to be subtracted off. One can find examples 
in [26], 

Next, we can describe our guess for the contribution of hypermultiplets in tensor 
powers of the fundamental representation, based on the prescription given in [30]. If 
we could ignore the singularities, the hypermultiplets introduce vector bundles on the 
instanton moduli space, and the vector bundles are constructed by tensor products of 
an universal bundle £. The tensor product structure of the vector bundle inherits that 
of the representation of the 5d hypermultiplet. We will now pretend that the same 
prescription can be applied to the ADHM-resolved moduli space of instantons. In [30], 
it was suggested that the equivariant index for the hypermultiplet can be computed 
by taking tensor product of the equivariant Chern character of the bundle £, which is 
given by [30, 48] 

Ch £ (e a ,e 4 ’-,p,q) = x fund (e Qi ) - (1 - p)( 1 - q)(pq)~ 1/2 X fund(e 0/ ) , (A.13) 

where Xf U nd(e Qi ) and Xfund^ 7 ) denote the character of the fundamental representations 
of the guage group G and the dual gauge group G, respectively. For example, the equiv- 
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ariant indices for the hypermultiplets in the fundamental, symmetric, antisymmetric 
and adjoint representations are given by, respectively, 


ind fund (e“, e^; p, g) = — -^-- -Ch £ (e a , e^; p, q) , 

(i -p)(i - q) 

ind sym (e“, e^;p, q) = _ ^ _ ^ Ch £ ®e(e a , e^;p, q) , 

ind a „ ti (e Q ,e 0 ;p,g) = —-^-- -Ch A 2 £ (e a , p, g) , 

(1 -P)(l - 9) 

ind a dj(e“, e^;p, q) = _ ^ _ q ^ Ch £ ® £ *(e a , e 0 ;p, g) . (A.14) 

where the tensor product of the Chern character is defined using the usual tensor 
product rule as 

Ch £ ® £ (e a , e*] p, q) = i [C7i £ (e a , e 0 ; p, g) 2 + Ch s (e 2a , e 2 ^; p 2 , g 2 )] , 

Ch A 2 £ (e a , e^; p, g) = ^ [C7i f (e“, e^; p, g) 2 - Ch £ (e 2a , e 20 ; p 2 , g 2 )] , 

Ch e ® £ *(e a , e^;p, g) = Ch £ (e a ,e <l> ]p,q) x Ch £ {e~ a , e“*;p _1 , g _1 ) . (A.15) 


The equivariant indices in other representations can be obtained in the similar manner. 
The resulting index computed in this way contains terms independent of the fugacity 
e ^ 7 for G. These terms amount to the perturbative contribution, so we will ignore them 
when we compute the instanton partition function . 

The contribution to the instanton partition function of the hypermultiplets can be 
easily obtained using the relevant equivariant indices. There is a conversion rule for 5d 
calculation 


ind n = 


me 


Zi 


Zr — 


n[ 


2 sinli 


Zi l ni 


(A.16) 


l 


l 


Thus the plethystic exponential of the equivariant index yields the instanton partition 
function contribution of the hypermultiplet. One can check that the contribution from 
an adjoint hypermultiplet computed using this prescription agrees with that from the 
localization of the ADHM quantum mechanics in [49]. 

Let us present explicit expressions for the hypermultiplets discussed in the main 
context. For SU(N) gauge theory, the fundamental hypermultiplet contribution is 


Z{und ~ 


2 sinli 


(f>i — m 


i=i 


(A.17) 
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with a mass parameter m. The antisymmetric hyper has the following contribution 

n;ii niu 2 sinh h+ T m ni> j 2 sinh 2 S mh 

asym ~~ ni> J 2 sinh G _+G-m-e + 2 sinh ~G-G+m-e + ^ 2 sin h Wi-™-* + 2 sin h - 2 ^+ m ~ £+ ' 

(A.18) 

For Sp(N) gauge theory, the fundamental representation has the contribution 

z Ld = ( 2 sinh y) A f[ 2 sinh ±(t>1 2 m > ( A - 19 ) 

1=1 

for 0(k) + , and 

, m t r , ±d>r + m . , 

= 2 c ° sh y n 2 smh — 9 — ’ ( a - 2 °) 

Z 1=1 

for 0(fc)_ with k — 2n + 1, and 

, tti t-t , ±d>r + m ., 

Z fund = 2 smh Y n 2 smh - 2 - ’ ^ A ‘ 21 ' ) 

for 0(k)_ with k = 2 n. These are read off from the corresponding equivariant indices 
in (A. 14). 

Next, we can assemble a modification of the bare ADHM quantum mechanics which 
would reproduce these modifications to the equivariant integrand. The contribution 
for the fundamental hypermultiplet implies that a fundamental matter induces a (0,4) 
ferrni multiplet in fundamental representation of G in the ADHM QM. This agrees with 
our expectation that the hypermultiplet develops fermion zero modes in the instanton 
background. On the other hand, the contribution from the antisymmetric hyper has 
factors in denominator as well as the factors in numerator. The numerator factors 
correspond to a fermi multiplet in the bifundamental representation of G x G and a 
conjugate pair of fermi multiplets in the antisymmetric representation of G. While, the 
denominator factors corresponds to a pair of (0,4) hypermultiplets in the symmetric 
representation of G. This means that the UV completion of the zero modes acquires 
nontrivial bosonic degrees which are not present in the zero mode analysis of the 5d 
QFT. 

The computation of the Id equivariant integral requires both an integrand and 
a choice of integration contour/prescription. The latter, in a sense, can be used to 
include or exclude the contribution of certain classical branches of vacua, by selecting 
which poles should be picked by the contour integral. The standard prescription in Id 
localization computations is the JK-prescription. To read the relevant poles from the 
JK-prescription, we should know the exact representations of the extra bosonic degrees 
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under G rotation. However, although the recipe given in [30] and in this section allows 
us to know the matter contents in the ADHM QM, it yet has an ambiguity in the 
exact representations of the multiplets. More precisely, it cannot distinguish a certain 
complex representation R and its conjugation, i.e. f sinh R ^ + "' ’ and sinh 
Since we could not resolve this issue, we will give prescriptions for it case by case in 
the main context. 

Further spurious contributions included by the standard JK-prescription have to 
be removed on a case-by-case basis. See [26] for few examples. 

B Partition functions of exotic SU( 3) theory 

In this appendix, we propose a prescription to compute the instanton partition func¬ 
tions of the exotic 517(3) theories with matters. With these results, we compute the 
hemisphere indices and then show that they agree with the hemisphere indices obtained 
in section 7.2 using the duality wall action on the Sp(2 ) hemisphere indices. 

We are interested in the 517(3) SQCD with n = 5 — Nf/2, which obviously violates 
the bound \k\ < 3 — Nf/2 in [4]. As mentioned before, when the theory violates 
this bound, the localization integral of the instanton partition function from the usual 
ADHM quantum mechanics encounters higher degree poles at the infinities 4>i = ±oo. 
These poles are associated to the classical Coulomb branch of vacua in the ADHM 
quantum mechanics and not to the to the instanton moduli space which is described 
by the Higgs branch. Unfortunately, we do not know how to remove these spurious 
contributions when the degree of the pole is higher than 1. In what follows, we will 
explain how to avoid having higher degree poles at infinity by introducing ‘pseudo’ 
hypermultiplets in the instanton background. We will add two (or more) ‘pseudo’ 
hypermultiplets and integrate them out at the end. This will allow us to evaluate the 
instanton partition function without having the problem of the higher degree poles at 
infinity. 

Let us first discuss the ‘pseudo’ hypermultiplet and the ADHM quantum mechan¬ 
ics. The ‘pseudo’ hypermultiplet is simply the hypermultiplet in the antisymmetric 
representation of the 517(3). It should be equivalent to the fundamental hypermulti¬ 
plet for the SU (3) gauge theory. This is indeed the case for the perturbative analysis. 
However, the antisymmetric hypermultiplet affects the ADHM quantum mechanics in 
a different way from that of the fundamental hypermultiplet. Strictly speaking, the 
ADHM quantum mechanics is designed for the U(N) gauge theory since it involves sin¬ 
gular 7/(1) instantons which is regularized by introducing extra UV degrees of freedom. 
Therefore, fermion zero modes from the antisymmetric hypermultiplet has a rather dif- 
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ferent UV completion than those from the fundamental hypermultiplet in the ADffM 
QM. 

The fermionic zero modes from the antisymmetric hypermultiplet provide many 
non-trivial multiplets, not just fermi multiplets but possibly also hypermultiplets in¬ 
cluding extra bosonic zero modes, in the ADffM QM as depicted in figure 16. The 
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Figure 16. Quiver diagram for k instantons with an antisymmetric hypermultiplet. 


ADffM quantum mechanics is the A f = (0,4) gauge theory of U(k ) gauge group with 
SU(2)i x SU(2) 2 x SU{2) r symmetry. See appendix A for details. We then add a 
bi-fundamental chiral fermion (black dashed arrow) of U[k ) and SU{3 ) groups, and a 
(0,4) fermi multiplet (blue dashed arrow), which is a doublet under the SU{2)i and in 
the antisymmetric representation of U(k), and a hypermultiplet (red solid arrow) in the 
symmetric representation of U(k). This is equivalent to add to the instanton moduli 
space a vector bundle given by the antisymmetric product of the universal bundle in 
the fundamental representation. 

We consider the SU{3 ) gauge theory with two ‘pseudo’ hypermultiplets and Nf 
fundamental hypermultiplets. The fc-instanton partition function from the ADffM QM 
can be written as 


yAf 
^QM,k 


J T _1 


Nf 


k\ 


i=i 


2ni 


(a, 0; p, q ) JJ Z£ nd (0, m a ; p, q) JJ Z^ ym ((j), t*; p, q) 


a= 1 


a= 1 


(B.l) 

where X:„. Z t ‘ nd , Z* are given in (A. 5), (A.17), (A.18), respectively. We will set the 
classical CS-level k — 4 — Nf/2. One can easily see that the integral then has a simple 
pole at infinity 0/ = — oo, which is now controllable. 

We are essentially interested in the theory with k = 5 — Nf/2 and without the 
‘pseudo’ matters. This theory can be obtained by integrating out two ‘pseudo’ hyper¬ 
multiplets. We will send their mass parameters t t to infinity. Then it will effectively shift 
the bare CS-level by +1 and the low energy theory will have the CS-level k, = 5 — Nf/2 
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as desired for our exotic theory. To avoid the higher degree poles at infinity, we shall 
integrate out the ‘pseudo’ matters after evaluating the contour integrals. It thus allows 
us to compute the instanton partition function of the exotic SU(3) theory without 
facing higher degree poles at the infinity. This procedure can be interpreted as a UV 
prescription of the 517(3) instanton moduli space at the exotic CS-level. Here the 
‘pseudo’ hypermultiplets are used as a UV regulator. We will restrict ourselves to the 
cases with Nf < 8 5 for which we can consider the dual SOFT with Sp( 2) gauge group. 

The contour integral will be evaluated using the JK-residue prescription. One then 
notices that the ‘pseudo’ matter contributions provide additional nonzero JK-residues. 
For example, at one instanton, the JK-residues at the following poles are nonzero: 

20i - t a ~ e+ = 0 , (‘O' = 0 mod 2 tt) . (B.2) 


Summing over all JK-residues including both from the vector multiplet and from the 
‘pseudo’ hypermultiplets, we can compute the partition function with ‘pseudo’ matters. 

This is not quite our final answer. To obtain the QFT partition function, we need 
to strip off some overall factor associated to the extra bosonic flat directions introduced 
by the ‘pseudo’ hypermultiplets. We conjecture that the extra factor is given by 


v N f — pp 

^ extra, pseudo 


f N ' = 


qsu f Nf (w a ,r a -,p,q) 

-v^ ria=i 


(i - P)(1 - i -raWr.) K + pq) (*S' : + OWhSU/O 


+ (pg) 3/2 (ri + r 2 ) (l + (tit 2 ) \ 1 ! w ) + ( T lT 2 ) 


, (B.3) 


where r a = e ta and is the character of the rank L antisymmetric irrep of the 

U(Nf ) flavor group with fugacities l/w a . For example, x^^il/w) = Y^l>b( w a w b)~ l ■ 
Note that this extra factor is independent of the 517(3) gauge fugacities and thus it 
indeed corresponds to the degrees of freedom decoupled from the 5d QFT. We have 
checked that, after subtracting off this factor, the instanton partition function has no 
poles for T a and is a finite polynomial in T\ and 72, as expected, at 1-instanton for all 
Nf and up to 2-instantons for Nf < 6. 

There is the usual correction factor coming from the continuum along the non- 
compact Coulomb branch. It is associated to the residues at infinity 0/ = ±oo. We 

5 One may notice that the integral has higher degree poles at infinity when Nf > 8. We may be 
able to resolve this by introducing one more ‘pseudo’ hypermultiplet, but we will not discuss these 


cases. 
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The ‘correct’ partition function can then be written as 
zUL(*, w a , r a , q sul P, q) = Zqm/Z^ , (Z^L = z ? f 


■ 7 Nf ) 

extra,cont extra,pesudo/ ' 


(B-4) 


(B-5) 


where Zqm is the partition function of the ADHM QM evaluated with the JK-prescription. 

We now integrate out the ‘pseudo’ hypers. We will send their masses to infinity 
t a — y —oo 6 and take the leading contribution. By rescaling the instanton fugacity as 
9 su\J t \ t 2 qsx/, we will end up with the instanton partition function of the 57/(3) 
theory with Nf flavors and the CS-level k — 5 — Nf/ 2: 

^inst' i Z i: W a,qSU;P,q> = 

t\ ,T 2 — yoo 

Taking into account the extra factors carefully, we compute 1-instanton partition 
functions for Nf < 8 and obtain 

r? 3 ,Nf 


lim Z Nf 
mu ^> inst 


A, w a ,T„, q su/p, t) ■ 


(B.6) 


inst,fc=l 


xf <3> W + xS* + xS') b 2 + xf 1 + xT { 2 \y)x‘ 


X'S’ “ xf <3 ) Mxg < ' v,) ) (/ 3 + xl V[2 \y7 
xf Ad - xf (3 T)xS’ - xf (3, (.-)xS’) " 4 + ■ CB.7) 

Combining the 1-loop determinant, we have checked that the hemisphere index of our 
exotic SU(3) theory yields exactly the right hand side of the duality relation (7.27) 
between the Sp( 2) and 57/(3) theories, in all examples at least up to x 3 order. This 
result supports the UV prescription of the exotic 577(3) theory in this section. 

Similarly, we can compute the Wilson loop index of the exotic SU (3) theories using 
the above UV prescription. An Wilson loop in a representation R inserts the corre¬ 
sponding equivariant Chern character into contour integral of the instanton partition 
function. At 7-instantons, the Wilson loop index before integrating out the pseudo 
hypers can be written as 

N f o 


w, 


QM,k 


1| ,+A ’. i JJ L C hn(a , mj JJ U) , 

J 1=1 /7FZ 0=1 0=1 

(B.8) 


k\ 


6 We can also take the limit t a —> oo. Then we will get the theory with CS-level n = 3 — Nf/2. 
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where Chn(a,4>) is the equivariant Chern character of the vector bundle in the repre¬ 
sentation R. We will focus only on the Wilson loop in the fundamental representation 
whose equivariant Chern character is given in (A. 13). The contour integral is again 
evaluated using the JK-prescription. Since the Wilson loop insertion does not change 
the pole structure of the integrand, we can pick up the same poles as before. 

As we have seen above, the partition function involves the correction factors from 
the Coulomb branch and the extra bosonic degrees of the ‘pseudo’ matters given in (B.4) 
and (B.3), which we should subtract off. Due to the same reason as without Wilson 
loops, we expect the correct Wilson loop index has no poles for the mass parameter r a 
of the ‘pseudo’ matters. However, even after subtracting the correction factors in (B.4) 
and (B.3), we notice that the Wilson loop index still has poles for r a . We find that the 
Wilson loop receives an additional correction when Nf > 0. For example, if we define 
new Wilson loop indices taking the form 


<», r, Qsu) = Wjltod/zA; 0 

'^fund(A W i T 1 Qsu) — Wqm, fund/-^extra 

Wfund(A A qSt/) = Wqm, fund/^C 2 


(B.9) 

, ^pqr^/wxil+pq) 31 

SU (1 - pqT\/ r 2 )(l - pqr 2 /T 1 ) 

V / pgpA/(wiW 2 )(l + pq)(wi + w 2 ) 3j2 

^ (1 -m/h)(l - pqrz/n) 


where II 3 ’ N f is the bare hemisphere index without Wilson loops, these new indices 
have no poles for r a - We have checked this till 2-instantons. Thus we suggest that the 
‘correct’ Wilson loop index with ‘pseudo’ matters should be this new index. 

Let us integrate out the ‘pseudo’ hypers by rescaling the instanton fugacity as 
t\su —>■ qsr/ and taking the limit t a —>• —oo. It leads to the Wilson loop index of 
the exotic SU (3) theory, given by 

W tnd {z,w,q su ;p,q) = lim W^/(z, w, r, qsu/VrPi^;p, q) ■ (B.10) 

ri,T2—>-oo 


We have also checked that this Wilson loop index yields the results in (7.35) and (7.36) 
obtained from the duality wall action on the dual Sp( 2) hemisphere indices, up to x 4 
order. 


B.l Superconformal indices 

Now, we compute the superconformal indices for the Sp( 2) and SU(3) theories and 
check the duality conjecture. Let us first discuss the Sp( 2) theories. The superconfor¬ 
mal index is defined in (7.12). For Nf < 8, we find 
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+ (xf < 2) fe) (2 + xlT ,} ) + xf W (») (q SP xf x‘ 

+ (2 + xi SH - xfif'V 2 )) x“ + 0(x=) , (B.11) 

where ^°^ 2Nf ^ is the character of the r irrep of SO(2Nf) symmetry with fugacities w a 
and S denotes the conjugate spinor representation and S* is the complex conjugation 
of S. Xfund Nf \ w a) denotes the fundamental character with fugacities w 2 . For Nf = 8, 
we compute 

J^=l+(xf%l*)+xTV 

+ (xf < 2 \y) (l + xf ( 2 ) (q Sr ) + xfS' 181 ) + xT’W) ■ xf 1 18> ) x 3 
+ (xf <■%) (l + xf ( 2 > (q Sr ) + xfS' 181 ) + xf' 2 \y) ■ xf ( 2 ) (q ») ' xf 1 “>) x 3 

+ (2 + xfSSi + Xf < 2 , (q Sp ) (l + xfS (18) ) - XS 18> ) X* + 0(x 3 ) . (B.12) 


Here y;‘^g 1 U) is the character of the rank 2 symmetric representation of »S'0(16). This 
theory has an enhanced SU( 2) x 5'0(16) global symmetry at the UV fixed point. 
There are additional BPS states at x 2 order corresponding to the conserved currents 
with instanton fugacity qs p and all BPS states properly arrange themselves to form 
representations of the enhanced symmetry. Thus the result is consistent with the 
symmetry enhancement. 

We now turn to the SU(3) theories. The superconformal index of the general 
SU(N) SQCD can be written as 


L su 


(Iv) 


w a ,qsu‘,P,q) 

N—l 
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(B.13) 
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2-KlZn 
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J SU.i nst 


{zi,w a ,q su ;p,q) 


with Idili z i = 1. Our exotic theory has the classical CS-level k = N + 2 — Nf/2 which 
only enters in the instanton partition function. 

For our SU( 3) theories, the instanton partition functions are given in the previous 
section, so the superconformal index computation is straightforward. We find that the 
results perfectly agree with the indices of the dual Sp( 2) theories computed in (B.ll) 
and (B.12), once we identify the fugacities of two dual theories as (7.25). This has been 
checked at least up to x 4 orders. This result provides a strong evidence for the duality 
conjecture of the Sp( 2) and SU(3) theories and also the symmetry enhancements of 
the 577(3) theories at UV fixed points. 
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